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ABSTRACT

This research focuses on the design and implementation of two novel controllers within

rooftop photovoltaic (PV) inverters. The main objective of the first control scheme is

to eliminate the voltage violation (induced voltage rise due to reverse power flow) and

to maintain the voltages within acceptable bounds, at essentially no extra investment

cost to the PV owner. The second controller can significantly reduce real energy losses

in the distribution feeder and reactive energy demand at the substation. Besides, re-

ducing reactive demand at substation leads to loss reduction of substation transformer

and transmission network. It can also relieve congestion in transmission network and

improve the voltage stability. A significant advantage of the proposed controllers is that

they do not require communication or cooperation with other PV inverters. The control

objectives are attained by exploiting the inherent reactive power capability of the in-

verters and the dispatch of their reactive power is calculated in an autonomous fashion.

In this context, important theoretical aspects of control design are investigated and a

general framework for stability analysis of these types of systems is established. In addi-

tion, this work reports on the development of a distribution test feeder with smart-grid

functionality. The test feeder is based on an actual distribution feeder. Case studies in-

volving simulations of real (the developed feeder) and realistic distribution feeders with

hundreds of households and their appliances modeled in high detail are performed to

study the impacts of the proposed controllers on the distribution system. It is shown

that implementation of these controllers could have a significant beneficial impact upon

the efficiency and operation of the power grid.
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1. GENERAL INTRODUCTION

1.1 Introduction

There is an increased pressure by regulatory agencies on utilities to accommodate

higher levels of renewables for their distribution system and to speed up the interconnec-

tion process [1]. On the other hand, photovoltaics (PV) are expected to be the quickest

increasing renewable technology due to the availability of solar resources in the world

and the U.S [2]. Distributed PV (residential rooftop PV system) can be quickly inter-

connected at distribution level. The average residential PV systems range from 1 kW

to 10 kW and can be simply mounted on rooftops of residential customers [3–5]. These

residential PV systems are perfect for mitigating some of the major loads of residential

customers. Additionally, recent reports [6–8] confirm that the capacity of PV instal-

lation continues to proliferate worldwide. It can be due to strong customer demand

(because of increases in electricity prices), falling PV costs and financial incentives from

the governments.

High penetration level of PV on distribution system present several opportunities

and challenges for power distribution utilities. The utilities must ensure that the quality

of service to their customers will not be violated due to integrating PV into their dis-

tribution systems [9, 10]. Major adverse impacts of high PV penetration are on system

voltages (steady state voltage rises) [11–17]. In the United States, the ANSI Standard

C84.1 [18] states that the voltage of residential loads should remain within five per-

cent from its nominal value (120 V) under normal operating conditions. The severity of
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these voltage issues depend on the penetration level, location, and the size of distributed

PV systems and the configuration and characteristic of distribution feeders. This bad

impact decreases the allowed PV hosting capacity1 of the distribution system and is a

serious barrier for further PV integration into the grid. Several techniques to alleviate

the voltage rise issue have been proposed [19, 20]. The approach considered herein is by

exploiting the inherent reactive power capability of the PV inverters to offset the voltage

rise in distribution networks. Using reactive power capability could defer the need for

new assets and grid reinforcements.

In general, PV systems use inverters to convert DC power from PV arrays to 60 Hz

(or 50 Hz) AC power grid standard [21, 22]. In addition to the basic inversion function,

there are more functions and features that are common to grid-tied PV inverters such

as: Maximum Power Point Tracking (MPPT), grid disconnection, phase-locked loop for

tracking the terminal voltage and anti-islanding detection scheme. Some of these func-

tions are required by interconnection codes and standards, such as UL 1741 [23] and

IEEE Std. 1547 [24]. Moreover, some modern PV inverters have the capability to supply

or absorb reactive power, independently of their production of real power, at essentially

no extra cost. PV systems that are capable of providing reactive power support to the

grid are now commercially available [25, 26]. Retrofitting of some existing old inverters

is also possible. For example, inverter manufacturer SolarEdge, claims it is possible to

upgrade the reactive power capability for an old inverter without this capability [27].

Additionally, inverters are robust solid state devices that many of their electrical char-

acteristics can be modified through software settings and commands [28]. The reactive

power capability of PV inverters represent a significant opportunity to improve the oper-

ation, and efficiency of the electric power distribution system, particularly as PV systems

become integrated into the grid at higher penetration levels. The reactive power capa-

bility can be exploited in a number of ways, for instance, for reducing the voltage rise

1How much PV can be integrated in a distribution system without violating power quality or security
issues.



3

phenomenon due to the reverse power flow in distribution feeders [29]. Alternatively,

PV inverters can be operated as local VAr compensators (LVArC), that is, when they

are providing the reactive power consumed by local loads as measured at their point

of common coupling (PCC). VAr compensation by PV inverters, reduces transmission

loss, maximizes power transmission capability, enhances stability, and helps support the

supply voltage. Consequently, the reactive power functionality of inverters (if designed

and used accurately) could have a significant beneficial impact upon the efficiency and

operation of the power system grid. This study considers the design and implementation

of two controllers within rooftop PV inverters. The main objective of the first control

scheme is to eliminate the aforementioned voltage violation and to maintain the voltages

within acceptable bounds. The second controller reduces real energy losses in the dis-

tribution feeder and reactive energy demand at the substation. A significant advantage

of the proposed controllers is that they do not require communication or cooperation

with other PV inverters. The control objectives are attained by exploiting the inherent

reactive power capability of the inverters and the dispatch of their reactive power is

calculated in an autonomous fashion.

In order to properly evaluate the adverse impacts of PV systems and beneficial im-

pacts of deployments of the proposed controllers on the distribution system, it is nec-

essary to model the grid with high detail and conduct detailed time-series analysis.

Currently, many utilities rely on commercial simulation tools to run the steady state

power flow that are constrained to snapshots of critical time periods, such as the peak

and minimum load points [30]. However, modern distribution systems with high pene-

tration of PV systems and the potential interaction with their control systems cannot

be adequately analyzed with these snapshot tools. Hence, there is an increased need for

simulation tools and models arising from the evolution of today’s electrical system to

tomorrow’s with high penetration of renewables and “smarter” grid. In this work, one

of the objectives is to develop and simulate realistic representative power distribution
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feeders with high fidelity (in terms of electrical topology, household loads and smart ap-

pliances, and environmental parameters) in order to eventually perform detailed analysis

of PV generation at the distribution level with the proposed controllers. In particular,

part of this dissertation focuses on the modeling of a future grid that will include a signif-

icant amount of distributed renewable energy generation, mainly from PV systems. The

simulations in this dissertation are run using GridLAB-D [31], which is an open-source

software platform and a time-series power distribution system simulation.

Another issue of considerable importance is analysing the system stability of the dis-

tribution system with multiple distributed controllers in the quasi steady-state operating

points. Because, even as distributed controllers operate to improve local and system level

performance, their control algorithm should be able to separate their dynamic responses

from other controllers to limit their interference. If it cannot be attained, the dynamic

interaction of distributed controllers can compromise the system stability and oscillations

could result. For example, as pointed out in [32, 33] a bad choice of controller parame-

ters can significantly affect the dynamic response for local and system voltage regulation,

and may lead to oscillatory and an unstable response. However, in the aforementioned

works and prior related research papers, theoretical system analysis of distribution sys-

tem stability was not investigated when distributed controllers are used. The use of

distributed controllers represent a new paradigm in the active control of the distribu-

tion system and less is known about the stability analysis of such controllers in quasi

steady-state operating points. As a result, the construction of a framework for active

distribution system stability analysis seems absolutely necessary. In the present study,

rigorous theoretical analysis of system stability, including multiple proposed controllers

acting independently of each other is investigated. This analysis can also provide a useful

framework for studying system stability with other types of distributed controllers.
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1.2 Dissertation Organization

The dissertation’s chapters correspond to journal and conference papers that I have

co-authored.

Chapter 2 provides an agent-based implementation of a distribution test feeder with

a high-fidelity representation of electrical topology, environmental parameters, and loads

arising from households equipped with smart appliances and dispersed generation units.

The availability of such realistically rendered distribution test feeders facilitates the study

of “smart” distribution systems. The agent-based distribution test feeder (ABDTF)

uses GridLAB-D to simulate a distribution feeder that incorporates various smart-grid

technologies. It is based on an actual feeder from an electric utility in Iowa, with de-

tailed specifications for distribution feeder equipment (such as fuses, switches, overhead

and underground conductors, and service transformers) as well as for residential and/or

commercial customers. Houses are virtually equipped with various smart-grid enabled

technologies, such as rooftop PV generation and price-responsive demands in the form

of Plug-in electric vehicles (PEV) and intelligently controlled A/C systems. Effects of

cloud-passing on PV generation output are also considered. The ABDTF is used for case

studies2 in Chapter 3 and Chapter 4.

Chapter 3 describes the implementation of a voltage control loop within PV inverters

that maintains the voltage within acceptable bounds by absorbing or supplying reactive

power. In principle, this can be considered to be a form of distributed Volt/VAr control,

which is conventionally performed by coordinated control of capacitor banks and trans-

former tap changers. Comprehensive simulation studies on detailed feeder models are

used to demonstrate that the proposed control scheme will mitigate voltage rises. One

of the main objective of this analysis is to provide evidence through comprehensive sim-

2In its original implementation, the feeder was equipped with an array of intelligent “agents,” such
as price-responsive air-conditioning units and plug-in electric vehicles, hence the name of the feeder.
However, this type of functionality has been disabled in Chapter 3 and Chapter 4, and the feeder only
contains conventional non-price-responsive load.
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ulation studies that this control scheme will mitigate voltage rise, at essentially no extra

investment cost to the consumer. In all cases that were analyzed, voltage violations were

completely eliminated. Also a general framework for stability analysis of these types of

controllers is established in this chapter.

Chapter 4 studies the behavior of distribution feeders with high penetration level of

rooftop PV, in the case where PV inverters compensate the reactive power consumption

of local households loads. In this context, some important theoretical aspects of control

design are investigated and a rigorous theoretical analysis framework of system stability

is established. Case studies involving simulations of realistic distribution feeders with

hundreds of households and their appliances modeled in high detail are performed to

study the distribution system impacts of the proposed controller. It is shown that this

control typically leads to a reduction of real power losses, and helps to decrease congestion

at the transmission side.

Chapter 5 summarizes the contributions of this work and recommends further inves-

tigations for future work.
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2. Development of an Agent-Based Distribution Test Feeder

with Smart-Grid Functionality

A paper published in the Proceedings of the IEEE Power and Energy Society General

Meeting, San Diego, CA, July 22-26, 2012.

Pedram Jahangiri 1, Di Wu, Wanning Li, Dionysios C. Aliprantis, and Leigh Tesfat-

sion

Abstract

This paper reports on the development of an agent-based distribution test feeder

with smart-grid functionality. The test feeder is based on an actual distribution feeder

with various additional features incorporated, including rooftop photovoltaic generation

and price-responsive loads (e.g., plug-in electric vehicles and intelligent air-conditioning

systems). This work aims to enable the integrated study of wholesale electric power

markets coupled with detailed representations of the retail-side distribution systems.

2.1 Introduction

T
ODAY most consumers of electric power face fixed retail rates, hence their de-

mands are independent of day-to-day variations in wholesale power prices. Con-

sequently, for many purposes, wholesale power market researchers can treat demands

for power as fixed inputs, avoiding the need for any detailed modeling of distribution

1Primary researcher and author.
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systems. Nevertheless, the validity of conducting decoupled studies of wholesale and

retail power system operations could be dramatically reduced in the near future with the

development of smart-grid features such as demand response, dynamic-price retail con-

tracting, distributed generation, and energy storage systems. These developments will

lead to increased feedbacks between retail and wholesale power system operations that

must be captured if empirical verisimilitude is to be attained. Realizing this need, an

agent-based test bed has been developed for the integrated study of retail and wholesale

power markets operating over transmission and distribution networks with smart-grid

functionality [34, 35]. The current study reports on one aspect of this ongoing research:

the development of an agent-based distribution test feeder (ABDTF) for evaluating the

impacts of smart-grid market designs on distribution feeders.

The ABDTF will implement a detailed model of a distribution feeder with smart-

grid functionality, including rooftop photovoltaic (PV) generation and price-responsive

loads such as plug-in electric vehicles (PEV) and intelligent air-conditioning (A/C). The

ABDTF will thus facilitate the study of the impacts of smart-grid technologies on dis-

tribution feeders. More broadly, however, the ABDTF will permit the performance

evaluation of smart-grid market designs at both wholesale and retail levels.

The IEEE Distribution Test Feeder Working Group and the CIGRE Task Force

C6.04.02 have developed several test feeders and network benchmarks [36–39]. However,

the high-fidelity modeling of load is beyond the scope of these studies, whose purpose has

been to provide common data sets to test and validate new algorithms for the analysis

of distribution systems. For example, typically only load values or generic profiles are

provided, but the load’s dependence on the time of day or the weather is not accurately

modeled. Environmental (e.g., temperature) and house parameters (e.g., ceiling height

and area) are not accessible either. In consequence, these test feeders are not detailed

enough for the evaluation of smart-grid market designs.

Researchers at the Pacific Northwest National Laboratory (PNNL) have developed a
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taxonomy of 24 prototypical feeder models that contain the fundamental characteristics

of radial distribution feeders found in the U.S., based on 575 distribution feeders from

151 separate substations from different utilities across the U.S. [40, 41]. Each proto-

typical feeder is characterized by climate region, primary distribution voltage level, and

other features. The feeder information is provided in a form that can be directly used in

GridLAB-D [31], which is an open-source software platform developed by DOE at PNNL

for the simulation of electric power distribution systems. Nevertheless, smart-grid tech-

nologies such as intelligent A/C systems, PEV and PV generation (with a consideration

of cloud-passing effects) are still under development for the PNNL feeder models and

are not yet available. Moreover, the PNNL feeder models are missing geographical coor-

dinates of the feeder components important for the realistic rendering of dispersed PV

generation units with a consideration of cloud patterns.

The ABDTF uses GridLAB-D to simulate a distribution feeder that incorporates

various smart-grid technologies. It is based on an actual feeder from an electric utility

in Iowa, with detailed specifications for distribution feeder equipment (such as fuses,

switches, overhead and underground conductors, and service transformers) as well as for

residential and/or commercial customers. Houses are virtually equipped with various

smart-grid enabled technologies, such as rooftop PV generation and price-responsive

demands in the form of PEVs and intelligently controlled A/C systems. Effects of cloud-

passing on PV generation output are also considered. Realistic travel pattern data

obtained from a 2009 National Household Travel Survey [42] are used to model PEV

load.

The ABDTF is agent-based in the sense that some of the distribution feeder com-

ponents are modeled as interacting agents whose actions are determined by individually

specified objectives or purposes subject to financial and/or physical constraints. For

example, the actions of a household resident agent might involve the determination of

optimal inter-temporal comfort/cost trade-offs conditional on retail energy prices, envi-
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ronmental conditions, and equipment limitations. The actions of a PEV agent might

involve the minimization of energy costs subject to feasible travel routes, time con-

straints, and charger rating. The actions of a PV agent might involve the maximization

of harvested solar power subject to panel surface area and weather conditions (e.g., cloud

cover).

The remainder of this paper is organized as follows. Section 2.2 describes the ABDTF

topology and its main characteristics. Section 2.3 provides more details about the agents

of the test feeder. In Section 2.4, an example is provided to illustrate how the developed

test feeder can be used in a market analysis, with emphasis on the distribution system

variables. Section 2.5 concludes the paper.

2.2 Distribution Feeder Description

The distribution feeder is providing electricity to a residential neighborhood in the

state of Iowa. Its technical data were obtained from the electric utility that operates

it. Fig. 2.1 depicts a schematic of the feeder’s topology that includes all branches at the

medium voltage level. Exact geographic coordinates of its components are also known,

but are not reflected in the figure. Fig. 2.2 shows a small representative section of the

feeder, including part of the substation. The other branches have similar characteristics.

Therefore, the feeder is modeled with as much accuracy as possible, including asymmetry

in the lines and the loads. The feeder’s electrical component data are entered into a GLM

file for use by GridLAB-D, which solves a sequence of three-phase power flows throughout

the simulated time period at a user-defined time step.

The feeder’s peak power at the substation is reported by the utility to be approx-

imately 14 MVA. It consists of 316 medium voltage (13.2 kV) lines; 301 are overhead

and 15 are underground. In terms of overhead lines, the feeder contains 7 different types

of conductors, and has 98 three-phase plus neutral (ABCN) lines, 2 two-phase (ACN)
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Substation

1.2-MVAr Capacitor bank

Figure 2.1 Schematic of the feeder topology (this is not an accurate geographic rep-
resentation). The triangles at the leaves of this tree represent distribution
transformers.

lines, and 73 AN, 60 BN, and 68 CN single-phase lines. In terms of underground cables,

there are 2 different conductor types, and 13 ABCN, 1 AN, and 1 CN cable. The main

parameters of the overhead lines and underground cables are listed in Table 2.1. The

length of the lines varies between 5 and 522 feet. There are 175 single-phase center-

tapped transformers rated 7621/240 V and 25 to 75 KVA, mounted on utility poles or

concrete pads, with parameters listed in Table 2.2. (Some of these parameters were ob-

tained from [43].) Finally, the end-load consists of 1370 houses. For the modeling of the

PV and A/C systems, it is necessary to know the floor area and number of stories for

each house, as well as the area of the south-facing part of the roof of each house (where

PV panels are typically installed). To this end, these parameters were estimated using

Google earth [44] based on the geographic coordinates of the distribution transformers.
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Figure 2.2 One-line diagram of a small representative section of the feeder.

2.3 Description of Agents

The end-use loads of the households are divided into two groups. The first group

includes loads such as conventional thermostatically controlled A/C, water heaters, TV

sets, fans, lights, ovens, and other common electric devices. These constitute a back-

ground non-price-responsive load, which is determined automatically by GridLAB-D’s

internal load modeling algorithms. The second group contains two kinds of “intelligent”

loads, namely: (i) a new class of A/C controller that operates based on a varying retail

price signal and the household resident’s cost-comfort tradeoff preferences, and (ii) PEVs
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Table 2.1 Parameters of Overhead Lines and Underground Cables

ID Type AWG/kcmil Rating (A)
1 OH-ACSR 336.4 639
2 OH-AL 336.4 585
3 OH-CU 1/0 291
4 OH-ACSR 1/0 285
5 OH-ACSR 2 215
6 OH-CU 4 155
7 OH-CU 6 116
8 UG-CU 750 550
9 UG-AL 1/0 200

Table 2.2 Parameters of Single-Phase Center-Tapped Transformers

Type Rating (kVA) Zseries(pu) Zshunt(pu)
Pole mounted 25 0.016+0.023j 339.6+331.8j
Pole mounted 50 0.014+0.024j 391.8+428.1j
Pole mounted 75 0.0135+0.030j 470.0+454.6j
Pad mounted 25 0.016+0.023j 339.6+295.5j

whose charging is performed overnight based on the same retail price signal as the A/C.

The feeder also has a large penetration of distributed generation in the form of rooftop

PV panels. It should be noted that the electric power and energy consumption of A/C

systems and PEVs accounts for a substantial portion of the total feeder load. If instal-

lation costs continue to decline, it is also possible that rooftop solar will become much

more prevalent in the near future in the United States. Each one of these technologies

on its own merit has potential to impact distribution feeder reliability to a significant

degree due, for example, to transformer overloading or unacceptable voltage deviations.

In particular, the test feeder described herein allows us to study the behavior of such sys-

tems when responding to market-based price signals, and hence to evaluate the impact

of market policies at the distribution level. Additional details about these smart-grid

agents are provided in the following subsections.
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2.3.1 Intelligent Air-Conditioning Systems

Households are equipped with a recently proposed intelligent A/C system with smart-

grid functionality [45]. The qualifier “intelligent” means that the A/C controller has

advanced computational capabilities and uses an array of environmental and occupancy

parameters in order to provide optimal intertemporal comfort/cost trade-offs for the

household residents, conditional on retail energy prices and environmental conditions.

The term “smart-grid functionality” means that retail energy prices are allowed to vary

throughout the day. They are transmitted to the A/C controller each day (say, at 6pm

daily), thus allowing the controller to schedule its energy consumption for 24 hours

in advance (starting at midnight). It should be noted that the entity (e..g, utility or

A/C aggregator) that is responsible for providing the retail prices to the A/C systems

(different from the fixed retail price that conventional uncontrollable loads pay) is another

(profit-maximizing) agent which could be modeled within the wholesale power market

simulation software.

2.3.2 Plug-in Electric Vehicles

Plug-in electric vehicles can help reduce dependence on petroleum and transportation

costs. In addition, they can be aggregated to provide an array of ancillary services to

the power grid with appropriate control [46]. Therefore, they could be an important

ingredient in tomorrow’s smart distribution systems, but they represent a substantial

additional load to the system. In the ABDTF, PEV load is estimated using a stochastic

formulation that takes into account spatial and temporal diversity [47]. When developing

the PEV power consumption, various factors are modeled, for example, PEV fleet char-

acteristics such as charge-depleting range and fraction of tractive energy from electricity

in charge-depleting mode [48,49], charging circuits [50], travel patterns [42,49], and PEV

load control and management strategies [51–53]. Similar to the A/C system, the PEV

aggregator entity (or entities) could be modeled as a separate agent (or agents) in the
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wholesale market simulation.

2.3.3 Rooftop Solar Generation

Each house can have installed rooftop PV panels. The maximum amount of PV

capacity is determined by the house’s southern roof area. Each PV installation is repre-

sented as a separate agent with its own attributes and methods (rules of operation). The

attributes include power rating and installation parameters such as tilt angle, cover area,

and efficiency rating. The inverter is assumed to be operating in a quasi steady-state,

under maximum power point tracking control [54]. In response to environmental inputs,

such as solar radiation and ambient temperature, the PV panel reacts by generating

different amounts of real power. The solar radiation pattern for each house is generated

by moving over the feeder area a synthesized cloud pattern similar to the one shown in

Fig. 2.3. Also, the PV inverter has the capability to supply or absorb reactive power

from the grid in order to improve the local distribution system voltage profile. The de-

sign of algorithms for determining the appropriate reactive power compensation by the

PV inverters is the subject of ongoing work.

2.4 Illustrative Example

The ABDTF is seamed with AMES [55], an open-source agent-based platform pre-

viously developed by a team of researchers at Iowa State University for the study of

strategic trading in restructured wholesale power markets with congestion managed by

locational marginal prices (LMPs). The resulting seamed platform will be used to con-

duct controlled computational experiments to investigate a number of important issues

relating to smart-grid developments, such as how the penetration of price-responsive de-

mand, PEVs, and distributed generation (e.g., PV) affects load profiles at the wholesale

level.
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Figure 2.3 Example of synthetic cloud cover used in the simulation, which moves over
the distribution feeder area at constant velocity. The axes units are pixels,
and one pixel represents 7 meters. Hence, this square area has a 3.5-km
side. The cloud is represented by the gray area.

Here a simple example that illustrates how the resulting seamed platform might be

used to study feedback effects between retail and wholesale power system operations is

presented. As shown in Fig. 2.4, the current implementation of such a study involves

four main components, namely, the ABDTF running in GridLAB-D, a Data Management

Program (DMP), a MySQL database server, and AMES running in Java.

The DMP has the following three tasks: (i) to receive environmental parameters

(weather data and cloud pattern), household occupancy parameters, and 24-hour day-

ahead wholesale energy prices (LMPs), and to map this data into retail energy prices

(REPs); (ii) to send all information obtained in (i) to the ABDTF in comma-separated

values (CSV) format; and (iii) to collect simulation results (aggregated load data) from

the ABDTF output and transmit these results to the MySQL database server. The
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Figure 2.4 Illustration of data flow for the integrated study of retail and wholesale
power market operations.

functionality of the DMP basically represents the communication between distribution-

level components (e.g., advanced meters) and entities that exist at a higher level (e.g.,

transmission/distribution utilities, load serving entities, aggregators of demand response,

or aggregators of plug-in electric vehicles). The MySQL database server maintains two

repeatedly-updated information storage tables, one for storage of the LMPs obtained

from AMES, and one for storage of the load data obtained from the ABDTF.

In what follows, simulation results are presented for a hot and cloudy summer day.

The variation of environmental parameters used for day-ahead scheduling and real-time

simulations is depicted in Fig. 2.5. A crudely predetermined schedule of appliances is

used to construct the internal heat flow rate for the day-ahead scheduling of the A/C

systems. A finer variation of appliances and occupant activity is assumed to occur in real-

time. The retail price for this day, which is communicated to the smart A/C systems and
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Figure 2.5 Variation of environmental parameters for day-ahead scheduling and real–
time simulation. The solar irradiation and internal heat flow rates differ for
each house.

the PEVs, is the day-ahead LMP (this could be obtained from AMES) plus a mark-up

of 5 cents/kWh, shown in Fig. 2.6.

Figs. 2.7(a) and 2.7(b) depict the total real and reactive power load at the substation.

The reversal of real power flow at the substation during the daytime is due to the high

penetration of PV units in this case. For this example, a 100% penetration level was

assumed for the rooftop PV units, where penetration level is defined as the total PV panel

area divided by the total available south roof area. Figs. 2.7(c) and 2.7(d) show the total

real power consumption from the smart A/C systems and the PEVs, respectively. The

penetration level of PEVs in this case is 25%, i.e., one out of four vehicles is randomly
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Figure 2.6 Retail price variation.

selected to be a PEV. Half are charged at off-peak hours with a minimum-cost control

algorithm, whereas the other half start charging at the time when they return home

paying the usual flat electricity price. Fig. 2.7(e) presents the total real power generated

from the PV units. Finally, Fig. 2.8 shows the real power losses on the various types of

feeder components.

Fig. 2.9 illustrates maximum, minimum and average voltages at the meters of the

residential loads. As can be seen, the maximum voltages become significantly higher

than 126 V for some residential customers due to the reverse power flow caused by the

PV units. The ANSI Standard C84.1 [56] requires that the voltage at residential loads

remains within five percent (114–126 V) from its nominal value (120 V).

2.5 Conclusion

Ideally, smart-grid technologies should be thoroughly evaluated prior to their deploy-

ment. The primary goal of this project is to supply researchers with an agent-based

implementation of a distribution test feeder that provides a high-fidelity representa-

tion of electrical topology, environmental parameters, and loads arising from households

equipped with smart appliances and dispersed generation units. The availability of such
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realistically rendered distribution test feeders should facilitate the study of market design

at the retail level. Moreover, as discussed in previous sections, the agent-based distribu-

tion test feeder can be seamed with agent-based platforms implementing wholesale power

market operations, such as the AMES platform [55], thus permitting the integrated study

of retail and wholesale power market operations.
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23

3. Distributed Volt/VAr Control by PV Inverters

Modified from a paper published in the IEEE Transactions on Power Systems, vol. 28,

no. 3, pp. 3429-3439, AUGUST 2013.

Pedram Jahangiri 1, and Dionysios C. Aliprantis

Abstract

A major technical obstacle for rooftop photovoltaics (PV) integration into existing

distribution systems is the voltage rise due to the reverse power flow from the distributed

PV sources. This paper describes the implementation of a voltage control loop within PV

inverters that maintains the voltage within acceptable bounds by absorbing or supplying

reactive power. In principle, this can be considered to be a form of distributed Volt/VAr

control, which is conventionally performed by coordinated control of capacitor banks and

transformer tap changers. Comprehensive simulation studies on detailed feeder models

are used to demonstrate that the proposed control scheme will mitigate voltage rises.

3.1 Introduction

T
HE INSTALLED capacity of embedded rooftop photovoltaic (PV) generation in

residential distribution systems is rising rapidly worldwide [57], driven by reduc-

tions in costs, increases in electricity prices, and higher sensitivity about sustainability.

Under the premise that this exponential trend will continue unabated, power distribution

1Primary researcher and author.
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utilities must ensure that the quality of service to their customers will not be compro-

mised [9,10]. For instance, the increased penetration of distributed PV sources has been

cause of concern for harmonic pollution, but this issue can be resolved with standard-

ization regarding harmonic distortion limits and the use of appropriate power electronic

topologies.

A major obstacle for further PV integration into existing medium/low-voltage net-

works is the induced voltage rise due to the reverse power flow along the distribution

feeders [11–17]. This phenomenon is bound to be exacerbated under higher penetration

of PV sources. In the United States, the ANSI Standard C84.1 [18] states that the volt-

age of residential loads should remain within five percent from its nominal value (120 V)

under normal operating conditions.

Several techniques to alleviate the voltage rise issue have been proposed. These can

be employed by the utility itself or by its customer-owners of distributed PV genera-

tion (in this case, either appropriate financial incentives or regulation might be neces-

sary). One simple solution is to lower the setpoint of the on-load tap changer at the

high-voltage/medium-voltage substation, or to use a voltage regulator [19]. However,

this method cannot guarantee that the voltage profile will be within acceptable bounds

throughout the feeder. In addition, other feeders that might be connected to the same

transformer may be adversely impacted by this action [11]. Alternatively, the utility

can choose to reinforce the distribution grid, by increasing conductor sizes to reduce the

resistance of medium- and low-voltage lines. In Germany, where installed capacity of PV

systems increased at a much faster rate than the development of new controllers or the

updating of grid codes, this practice has led to high costs [11,16]. Yet another solution is

to curtail real power feed-in from PV units at times of low demand. For instance, in the

Japanese grid code, when the voltage at the point of common coupling exceeds the upper

limit, the PV system is required to reduce its active power output [14,16,20,58,59]. The

disadvantage of this technique is that it causes the spilling of solar energy, which is not
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economically attractive to the PV panel owners.

The approach considered herein is to absorb reactive power using the PV inverters

themselves, in a distributed fashion.2 This is feasible even though the X/R ratio in

distribution systems is typically smaller than in transmission systems and therefore,

reactive power has a relatively lower impact on voltage magnitude. Nevertheless, as will

be demonstrated in this paper as well, appropriate reactive power control can offset the

voltage rise in distribution networks, while reducing or deferring the need for new assets

or grid reinforcements [14–16, 58, 61].

This study considers the implementation of a voltage control loop within rooftop PV

inverters, to maintain the voltage within acceptable bounds by reactive power injection

or absorption. In principle, this can be considered to be a form of Volt/VAr control,

which is conventionally performed by coordinated control of capacitor banks located

along the feeder and transformer tap changers. In the proposed implementation, the

voltage control objective is accomplished with a piecewise linear droop characteristic,

which determines the reactive power injection as a function of the voltage magnitude at

the PV inverter terminals. This control strategy has been studied in [13, 15, 62, 63], and

by other researchers. Notably, the control is simple to implement, and does not require

communication or cooperation among the PV inverters [58, 64].

The main objective of this analysis is to provide evidence through comprehensive

simulation studies that this control scheme will mitigate voltage rise, at essentially no

extra investment cost to the consumer. In all cases that were analyzed, voltage violations

were completely eliminated. Previous work on this topic is extended in the following

ways: (i) Studies are performed by means of computer simulations of several realistic

distribution feeders with hundreds of households and their appliances modeled in high

2Controlling real and reactive power output implies that PV units actively participate in grid voltage
control. The grid codes of some countries, such as the United States (based on the IEEE Standard 1547
series), prohibit active voltage regulation of PV units at the point of common coupling [16]. Deliberations
to relieve this constraint are under way, in light of new technologies and emerging higher penetrations
of distributed energy resources [60].
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detail. To our knowledge, this is the first time that this type of controller is demonstrated

with such degree of modeling verisimilitude, since past work has used feeder models of

limited size and fidelity. The simulations are run using GridLAB-D [31], which is an

open-source software platform developed by the U.S. Department of Energy at the Pacific

Northwest National Laboratory (PNNL) for the simulation of electric power distribution

systems. GridLAB-D has a comprehensive library of precise load models, including

their dependence on voltage levels. The original inverter source code of GridLAB-D was

modified to represent the proposed control. (ii) The dynamic interactions between a large

number of inverters operating in tandem are taken into account. In particular, a transfer

function that helps stabilize the system by eliminating unwanted oscillatory (hunting)

behavior is introduced in the control path. This phenomenon has not been previously

mentioned in the PV literature, but it was revealed by our simulations. (iii) The reactive

power capability of the inverter is modeled accurately, as dynamically dependent on

the real power generation. This is important because during times of peak PV power

generation, reactive power generation capability is limited the most, exactly when it is

most needed by the system. (iv) The inverter losses are accounted for with a simple

model. (v) The cumulative side-effects of the proposed scheme at the substation are

observed.

The remainder of this paper is organized as follows. Section 3.2 sets forth the pro-

posed controller and discusses its stability. Section 3.3 describes the system model and

metrics that are used for case studies. Illustrative findings from computer simulations

are reported in Section 3.4. Concluding remarks are provided in Section 3.5. In the Ap-

pendices, the reader may find system parameters and comprehensive tabulated results

from the simulation studies.
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3.2 Control Strategy

This section discusses the envisioned practical implementation of the proposed voltage

controller as a discrete-time dynamic system, including its stability properties. Fig. 3.1

shows the proposed modification to an otherwise standard PV inverter with maximum

power point tracking (MPPT) functionality.

3.2.1 Reactive Power Support Function

The MPPT algorithm determines the desired real power output at each period n,

P̂n, whereas the actual output accounts for the loss in the inverter, P inv
n = P̂n − Ploss,n.

The desired reactive power output Q̂n is determined by the proposed controller using the

function q(V meas, Qmax), which is depicted in Fig. 3.2. The actual reactive power output

is Qinv
n ≈ Q̂n. The reactive power compensation loop could be automatically turned off

overnight since under normal conditions, feeders operate within the acceptable voltage

range in the absence of PV generation. Of course, the controller would have other

functions that are not shown here, such as a phase-locked loop for tracking the terminal

voltage and anti-islanding detection schemes. The generation of an additional reactive

power component is relatively simple to implement (for example, using qd reference frame

theory), and amounts to injecting the appropriate current component ninety degrees out

of phase with the voltage.

The droop characteristic is a piecewise linear function of the voltage. It is dynami-

cally changing due to its dependence on the maximum reactive power capability, Qmax,

which in turn depends on the variable real power output of the inverter. In general, the

droop characteristic can be defined in terms of four parameters, V a, V b, V c, and V d,

or by three parameters V a, D (deadband width), and V d, if the deadband is symmetric

around the nominal voltage value. These parameters can be hard-coded, or programmed

at the time of installation by a technician (according to the recommendations of the
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Figure 3.1 Block diagram of a PV inverter with voltage controller (for a United
States-based system).

distribution system utility). It is also conceivable in a future “smart grid” scenario that

these parameters could be dynamically adjusted by the distribution system operator via a

communications network, which opens interesting opportunities for system performance

optimization on a regular basis, for instance, as seasons and load patterns change, or if

the feeder topology is modified (e.g., due to feeder growth).

The maximum reactive power capability of the inverter at period n, which essentially

reflects a current limitation, is defined by

Qmax
n =

√

(Smax)2 − (P̂n)2 . (3.1)

This is recomputed at every period based on the real power generation and the apparent

power rating of the inverter Smax. Inside the deadband, q(·) = 0 since the voltage is

close to its nominal value. When the measured voltage exceeds V c, the converter starts

absorbing reactive power, in a bid to lower the voltage. At V d and beyond, the inverter

is asked to absorb the maximum possible reactive power. This is the most common
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Figure 3.2 Droop control function (for a United States-based system).

operating mode, due to the voltage rise phenomenon by PV generation. Nevertheless,

this controller can also contribute to the mitigation of low-voltage occurrences, e.g., for

locations far away from the substation under heavy load conditions, when the voltage

drops below V b.

It is interesting to note that the q(·) characteristic does not have to be symmetric.

In fact, variations of this function have been proposed in the past. For instance, a

“transmission VAr support” mode has been proposed [60], where the PV inverter will

not absorb reactive power for voltages higher than V b, if signaled to do so by the utility.

Another modification would be to use constant slope (rather than a dynamically changing

one) below V b and above V c, until±Qmax is reached. The constant slope method could be

interesting from a theoretical standpoint, since one could relate this slope to the Jacobian

of the power flow, and possibly determine its optimal value analytically. However, such

study is left for future work. Yet another example would be the necessary modification

of the characteristic for utilities adopting a Conservation Voltage Reduction scheme [65],

where an asymmetric function might be desirable. In addition, in cases where the reactive

power control scheme fails to regulate voltages within acceptable bounds, then an outer

loop that would curtail PV real power production could be activated. In any case, all

studies performed here utilize the “canonical” droop characteristic of Fig. 3.2.
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If the PV system uses a central inverter, which is typically installed in close proximity

to the main power panel, then the voltage at its terminals would be approximately equal

to the voltage at the point of interconnection with the utility. Some newer PV systems

use micro-inverters, embedded into the panels themselves, in which case the control

scheme should be modified to account for the voltage drop in the wires connecting the

inverters to the power panel. Alternatively, it is conceivable that an advanced meter

might have the capability to communicate its voltage measurement to the inverters via

a home area network, as proposed in [62]. In our implementation, central inverters are

considered, and they are assumed to be wired to the 240 V, rms3 coming from a center-

tapped distribution transformer. (A division of the measured voltage by a factor of two

takes place in the control loop.)

3.2.2 Instability Concerns

A simple digital implementation of the control scheme shown in Fig. 3.1 can be mod-

eled as a discrete-time system with a “Type-A” transfer function HA(z) = z−1. It

was observed that this led to an undesirable oscillatory behavior. To mitigate this, a

“Type-B” transfer function, whose response resembles that of a continuous-time transfer

function of the form 1/(1 + τs), is defined by:

HB(z) =
1

(

1− τ
∆T

)

+
(

τ
∆T

)

z
. (3.2)

Hence, the discrete-time response can be expressed as

Q̃n+1 =















q(V meas
n , Qmax

n ) for Type-A systems

(

1− ∆T
τ

)

Q̃n +
(

∆T
τ

)

q(V meas
n , Qmax

n ) for Type-B systems

(3.3)

Here, the sampling time is ∆T = 1 s, and the time constant is τ = 10 s.

In order to demonstrate the potential instability of the simple control scheme that

uses the Type-A transfer function, two simple examples have been devised, illustrated in

3All voltages in the paper are provided as rms values.
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(P inv
n − Pl) +

j(Qinv
n −Ql)

V1 = 129 V

V2,n δ2

(a)

(P inv
2,n − Pl2) +

j(Qinv
2,n −Ql2)

(P inv
3,n − Pl3) +

j(Qinv
3,n −Ql3)

V1 = 129 V

V2,n δ2 V3,n δ3

(b)

Figure 3.3 Two-bus and three-bus system examples.

Fig. 3.3, with parameters provided in Appendix A. The reader may refer to Section 3.2.3

for a theoretical analysis of system stability.

First, consider the hypothetical two-bus single-phase system of Fig. 3.3(a). Bus 1

is the slack bus and bus 2 is a load (PQ) bus with a PV system.4 Initially, the PV

system is generating zero real power, and since the voltage of bus 2 (124.90 V) is in-

side the deadband, the inverter is not injecting reactive power. During period 6, the

real power generation is stepped from 0 to 1 kW, which causes the voltage to rise, and

an oscillation to begin as the inverter tries to mitigate this. As can be observed from

Fig. 3.4(a), the voltage at bus 2 is oscillating between 125.61 V and 124.11 V, with the

corresponding reactive power injections shown in Fig. 3.4(b). Fig. 3.4(a) also illustrates

the response when the controller includes the Type-B transfer function. Now the os-

cillations are damped and the system reaches a stable operating point (V2 = 125.18 V,

Qinv = −197.32 VAr).

The second example (see Fig. 3.3(b)) demonstrates the potential instability caused

by two inverters interacting with each other when their control schemes use the type-

4The commonly used notation for synchronous generator buses in standard power flow formulations,
where real power and voltage are given, and which are thus termed ‘PV’ buses, conflicts with the
abbreviation of the word ‘photovoltaic.’ It is important to stress that photovoltaic inverters are not

modeled as PV buses, but as PQ buses, where real and reactive power output change in every period n.
Hence, the analysis is based on a sequence of quasi-steady-state power flow solutions.
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Figure 3.4 Two-bus system: voltage magnitudes and reactive power injections from PV
inverter.

A transfer function. In practice, the two inverters will not be necessarily acting in a

synchronized manner, so here they are evenly staggered for simplicity: the bus-2 inverter

acts in odd periods, whereas the bus-3 inverter acts in even periods. Initially, the PV

systems are not generating real power, and since the voltages of bus 2 and bus 3 are inside

the deadband (V2 = 124.90 V, V3 = 124.69 V), their inverters are not injecting reactive

power. During period 6, the real power generation of both inverters is stepped from 0

to 1 kW, which causes the voltages to rise, and oscillations to begin as the inverters

try to mitigate them. As can be observed from Figs. 3.5(a) and 3.5(b), the voltages

at buses 2 and 3 are oscillating, with corresponding reactive power injections shown in

Figs. 3.5(c) and 3.5(d). The response of the system when the Type-B transfer function

is used is superimposed in Fig. 3.5. Now the oscillations are damped and the system

reaches a stable operating point (V2 = 125.28 V, Qinv
2 = −318.16 VAr, V3 = 125.12 V,

Qinv
3 = −132.82 VAr).

Similar oscillations have been observed in the simulations of the realistic feeders
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Figure 3.5 Three-bus system: (a) and (b) voltage magnitudes; (c) and (d) reactive
power injections from PV inverters.

described in the next section. However, due to space limitations, such results are not

shown here. Using the Type-B transfer function eliminated this type of hunting behavior

in all cases. A more general framework for stability analysis of these types of systems is

established in the next subsection.

3.2.3 Stability Analysis

Consider the general case of an N -bus distribution feeder system with a constant-

voltage slack bus representing the substation, andN−1 load buses with PV inverters, i.e.,
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N−1 PQ buses. For simplicity, let this be a single-phase system, and let all inverters act

in a synchronized manner. (The analysis can be extended to the general case of a three-

phase unbalanced feeder with staggered inverter actions, but this will be unnecessarily

complicated, and will distract the reader from the main purpose of this section, which is

to illustrate why the system is inherently unstable and how it is stabilized.) Assume that

the real power output of each inverter remains constant, so that the droop characteristic

only depends on the measured voltage. Voltage measurement errors are neglected. Also

assume that the limiter blocks are not activated, i.e., Q̂ = Q̃, and that the reactive power

output of the inverter is equal to the commanded value, i.e., Qinv = Q̂.

This dynamic system has N−1 states representing the reactive power output of each

inverter during period n, contained in a column vector Q̂n = [Q̂2,n Q̂3,n · · · Q̂N,n]
T . The

state equation is

Q̂n+1 = f(Q̂n) =



















q(V (Q̂n)) for Type-A systems

(

1− ∆T
τ

)

Q̂n +
(

∆T
τ

)

q(V (Q̂n)) for Type-B systems

(3.4)

The vector q(V (Q̂n)) = [q2(V2(Q̂n)) · · · qN(VN(Q̂n))]
T contains the droop control func-

tion outputs of each inverter as functions of the local bus voltages. These voltages are

in turn related to the reactive power injections of all inverters through the power flow

equations of the network. It can be readily shown that both Type-A and Type-B system

stationary states (or fixed points) Q̄ = [Q̄2 Q̄3 · · · Q̄N ]
T satisfy the nonlinear equation:

Q̄ = f(Q̄) = q(V (Q̄)) . (3.5)

The stability of a nonlinear discrete-time system in the vicinity of its stationary states

can be determined using the following theorem [66]:

Theorem: For the discrete-time system Xn+1 = φ(Xn), suppose φ : U →

U,U ⊆ R
m, is continuously differentiable in some neighborhood of a fixed

point X̄ ∈ U. Let J = [∂φ/∂X ]X=X̄ be the Jacobian matrix of φ, evaluated

at X̄ . Then:
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• X̄ is asymptotically stable if all eigenvalues of J have magnitude less

than 1.

• X̄ is unstable if at least one eigenvalue of J has magnitude greater

than 1.

In our application, the Jacobian matrix of (3.4) becomes

J =

[

∂f

∂Q̂

]

Q̂=Q̄

=



















[

∂q
∂V

]

[

∂V
∂Q̂

]

for Type-A systems

(

1− ∆T
τ

)

I+
(

∆T
τ

) [

∂q
∂V

]

[

∂V
∂Q̂

]

for Type-B systems

(3.6)

where [∂q/∂V ] is a diagonal matrix:

[

∂q

∂V

]

=













∂q2
∂V2

0

. . .

0 ∂qN
∂VN













. (3.7)

The diagonal elements represent the slopes of the individual droop control functions.

They can have zero or negative value, depending on the segment in which the stationary

point happens to be located.5 The matrix [∂V /∂Q̂] contains the partial derivatives:

[

∂V

∂Q̂

]

=

























∂V2

∂Q̂2

∂V2

∂Q̂3

. . . ∂V2

∂Q̂N

∂V3

∂Q̂2

∂V3

∂Q̂3

. . . ∂V3

∂Q̂N

...
...

...

∂VN

∂Q̂2

∂VN

∂Q̂3

. . . ∂VN

∂Q̂N

























. (3.8)

Define A = [∂q/∂V ][∂V /∂Q̂], and let an eigenvalue of the Type-A Jacobian matrix

be denoted by λ, satisfying Ax = λx. From the Type-B expression of (3.6), we have:
[(

1−
∆T

τ

)

I+

(

∆T

τ

)

A

]

x =

(

1−
∆T

τ

)

x+

(

∆T

τ

)

Ax (3.9)

=

[(

1−
∆T

τ

)

+

(

∆T

τ

)

λ

]

x .

5Application of the theorem to the special case where the stationary point happens to be exactly on
a corner point of the droop characteristic (V a, V b, V c, or V d) is problematic, since the function f is not
differentiable. However, this issue can be readily resolved by adding a slight curvature to q(·) around
these points.
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This implies that the corresponding eigenvalue of the Type-B Jacobian matrix will be

µ =

(

1−
∆T

τ

)

+

(

∆T

τ

)

λ . (3.10)

For example, if ∆T = 1 s, and τ = 10 s, then µ = 0.9 + 0.1λ.

It is interesting to note what happens if the stationary point of the inverter on bus i

lies on the flat region of the droop characteristic. In this case, the corresponding ∂qi/∂Vi

term is equal to zero. This, in turn, implies that row (i − 1) of the Jacobian J will be

zero for Type-A systems, or that it will only contain a
(

1− ∆T
τ

)

element in the diagonal

for Type-B systems. The former case leads to a zero eigenvalue; the latter case leads to

an eigenvalue of the same value as the element itself. In both cases, the corresponding

eigenvalue is a real number less than one, hence stability is not adversely affected.

To calculate [∂V /∂Q̂], we first write the power flow equations as implicit functions

of the reactive power injections by the PV inverters Q̂:

P (δ(Q̂), V (Q̂))− (P inv − Pl) = 0 (3.11)

Q(δ(Q̂), V (Q̂))− (Q̂−Ql) = 0 (3.12)

Here, the vector functions P = [P2 P3 . . . PN ]
T and Q = [Q2 Q3 . . . QN ]

T represent

real and reactive power injections, respectively. The other variables, P inv, Pl, and Ql,

are constant vectors. The power injections at each load bus, Pi and Qi, i = 2, 3, . . . , N ,

are given by

Pi =

N
∑

j=1

ViVj|Yi,j| cos(δj − δi + θi,j) (3.13)

Qi = −
N
∑

j=1

ViVj|Yi,j| sin(δj − δi + θi,j) (3.14)

where the elements of the nodal admittance matrix of the system are denoted by Yi,j =

|Yi,j| θi,j . Hence, from (3.11)–(3.12), we obtain:
[

∂P

∂Q̂

]

=

[

∂P

∂δ

] [

∂δ

∂Q̂

]

+

[

∂P

∂V

] [

∂V

∂Q̂

]

= 0 (3.15)

[

∂Q

∂Q̂

]

=

[

∂Q

∂δ

] [

∂δ

∂Q̂

]

+

[

∂Q

∂V

] [

∂V

∂Q̂

]

= I (3.16)
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Manipulation of (3.15)–(3.16) yields

[

∂V

∂Q̂

]

=

{

[

∂Q

∂V

]

−

[

∂Q

∂δ

] [

∂P

∂δ

]

−1 [
∂P

∂V

]

}

−1

. (3.17)

This expression is based on the four submatrices of the Jacobian of the power flow

problem (not to be confused with the Jacobian of the dynamic system function f),

which have well-known expressions that can be computed from (3.11)–(3.12) or found in

a power systems textbook.

This analysis is illustrated using the two simple systems that were introduced in the

previous section.

3.2.3.1 Stability of Two-Bus Example

The two-bus system example is a one-dimensional discrete-time system. Its stationary

state is Q̄2 = −197.32 VAr. This point corresponds to the fourth segment of the droop

control function (between V c and V d), which implies that

∂q2
∂V2

=
−Qmax

V d − V c
= −1118 VAr/V. (3.18)

The power flow solution at the fixed point is: V̄2 = 125.18 V, δ̄2 = −0.0275 rad. The

matrix [∂V /∂Q̂] is just a scalar, and can be evaluated from (3.17):

∂V2

∂Q̂2

=

{

∂Q2

∂V2

−

(

∂Q2

∂δ2

)(

∂P2

∂δ2

)

−1(
∂P2

∂V2

)

}

−1

= 0.00219 V/VAr. (3.19)

According to (3.6), the Jacobian matrix evaluates to:

J =



















−2.448 for a Type-A system

0.655 for a Type-B system

(3.20)

The Jacobian J is a scalar, so its eigenvalue is the same number. Therefore, the Type-A

system is unstable, whereas the Type-B system is locally asymptotically stable.
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3.2.3.2 Stability of Three-Bus Example

The three-bus example is a two-dimensional discrete-time system, with stationary

state Q̄ =

[

−318.16 −132.82

]T

VAr. Both points correspond to the fourth segment of

the droop control function (between V c and V d), so ∂q2/∂V2 = ∂q3/∂V3 = −1118 VAr/V.

The fixed point steady-state voltage magnitudes and angles are: V̄2 = 125.28 V, δ̄2 =

−0.0097 rad, V̄3 = 125.12 V, and δ̄3 = −0.0103 rad. Using (3.17), one may obtain

[

∂V

∂Q̂

]

=







0.002196 0.002201

0.002199 0.002418






V/VAr . (3.21)

The Jacobian matrix (3.6) of the Type-A system is

J =







−2.4552 −2.4608

−2.4586 −2.7034






, (3.22)

with eigenvalues λ1 = −0.116 and λ2 = −5.042. Hence, the Type-A system is unstable.

On the other hand, the Jacobian matrix of the Type-B system is

J =







0.6545 −0.2461

−0.2459 0.6297






, (3.23)

with eigenvalues µ1 = 0.888 and µ2 = 0.396, which can alternatively be obtained by

applying (3.10). Hence, the Type-B system is locally asymptotically stable.

3.3 System Model

This section explains modeling of rooftop PV systems, the metrics that are used to

evaluate the performance of the proposed controller and details about the distribution

systems that are used for the case studies.

3.3.1 Modeling of Rooftop PV Panels

The incident solar radiation on a tilted PV array is calculated using classical formu-

las [67], implemented in GridLAB-D. The calculation involves various types of irradiance
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adjusted for time of day, the site latitude, and the orientation and tilt angle of the PV

panels.

In the simulations, PV panels are virtually installed on residential rooftops according

to a PV penetration level parameter, which is defined as:

penetration level =
residential customers with PV systems

total number of residential customers in the feeder
(3.24)

The houses are assumed to have two types of orientation, namely, north-south and east-

west. The orientation of houses with PV systems is split in a 3:1 ratio, signifying that

there is higher probability that PV panels will be installed on a south-facing rather than

on a west-facing roof in the northern hemisphere. The roof angle is uniformly selected

from a set with pitch equal to x/12, where x = {0, 3, 4, . . . , 12}. If the roof is flat (x = 0),

the solar panels are assumed to be facing south and tilted to a degree equal to the site

latitude; otherwise, solar panels are assumed to be installed parallel to the roof.

The southern or western part of the roof area is set equal to

south- or west-facing roof area = (0.5) · (floor area)/ cos(roof angle) . (3.25)

Then the total panel area is randomly generated according to a uniform distribution

within 50% to 90% of the south- or west-facing roof area. For a given PV panel area

value, the nominal apparent power rating of the inverter should satisfy:

Smax ≥ (CF) · (panel efficiency) · (rated insolation) · (area)

= (1.15) · (0.15) · (1000 (W/m2)) · (area (m2)) , (3.26)

where CF represents a corrective factor, since in certain cases the rated insolation can

be exceeded. Smax is selected from a list that has been compiled from commercially

available inverters (up to 30 kVA) [68], as the next higher value in the list. In other

words, the most economical inverter that can handle the rated real power for any given

PV installation is still being selected, so that additional investment costs for providing

reactive power support are not incurred to the customer.6

6The additional functionality of reactive power support should not increase the cost of inverters
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3.3.2 Metrics for Evaluating Results

In this subsection, the metrics that are used to evaluate the performance of the

proposed controller are described. The proposed metrics represent either extreme values

or integrals of various time-varying quantities of interest, observed over a span of 24 hours

at a time interval of 60 seconds.

The first set of metrics is related to voltage. The Voltage Violation Ratio (VVR)

is defined as the maximum ratio of residential consumers with voltage limit violation

(higher than 126 V or lower than 114 V). Ideally, VVR should be equal to zero, indicating

no voltage violation throughout the day. Two other voltage-related metrics are the

maximum and minimum voltage magnitudes (Vmax, Vmin) that appear at the meters of

all residential consumers.

The second set of metrics is related to energy. These are the energy consumed by all

loads (Eload), the energy losses of the network (Eloss), the energy generated by all PV

systems (EPV), and the energy measured at the substation (ESS). Also, by integrating

reactive power, “reactive energy” metrics can be defined, measured in MVAr-h. These are

the reactive energy measured at the substation (EQ
SS) and the reactive energy generated

by all PV systems (EQ
PV). The difference in an energy metric between the case where

the PV inverters are actively regulating the voltage and the base (uncontrolled) case is

denoted by “∆E.”

In general, we expect to obtain negative values for ∆EQ
PV, whereas typically positive

∆Eloss and ∆EQ
SS represent increased real and reactive energy losses throughout the

distribution feeder. ∆EPV should be negative because of extra inverter losses due to the

reactive power current component. Also, since the voltages are decreased, this usually

results in lower power consumption (from voltage-dependent loads) thus yielding negative

values of ∆Eload. Finally, it is interesting to note that the change in substation energy

significantly. Any standard inverter can be made to absorb/supply reactive power, with only slight
modifications in its controller code, and with exactly the same power electronics circuit as before.
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∆ESS can be either positive or negative. This is because ∆ESS = ∆Eload + ∆Eloss +

(−∆EPV), is determined by the sum of quantities of different sign (negative, positive,

and positive, respectively).

In the simulations, the real power loss of the inverter is modeled as a linear function

of its apparent power:

P inv
n = P̂n − (0.04)

√

(P̂n)2 + (Q̂n)2 . (3.27)

3.3.3 Distribution Feeders

This subsection provides some details about the distribution systems that are used

for the case studies. The houses are virtually equipped with rooftop PV systems using

the method described above at various penetration levels. All feeders are connected to a

high-voltage bus through a substation transformer with an impedance of 0.009+j0.06 pu.

Voltage regulators are deactivated. The voltage at the transmission side of the substation

transformer for all feeders is assumed to be constant and equal to 1.05 pu, except for

feeders R1-1247-2 and R1-2500-1, where it is 1.04 pu, and feeder R5-1247-3, where it is

1.02 pu.

3.3.3.1 Agent-based distribution test feeder

A so-called “agent-based distribution test feeder” (ABDTF) has been developed by

the authors [69], based on an actual feeder of an electric utility in Iowa, with detailed

specifications for feeder equipment (such as fuses, switches, overhead and underground

conductors, and service transformers) as well as for residential and/or commercial cus-

tomers, including the floor areas of the houses.7 Fig. 3.6 depicts a schematic of the

topology of the feeder that includes all branches at the medium-voltage level. Exact geo-

7In its original implementation, the feeder was equipped with an array of intelligent “agents,” such
as price-responsive air-conditioning units and plug-in electric vehicles, hence the name of the feeder.
However, this type of functionality has now been disabled, and the feeder only contains conventional
non-price-responsive load.
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Substation

1.2-MVAr Capacitor bank

Figure 3.6 Schematic of the feeder topology (this is not an accurate geographic rep-
resentation). The triangles at the leaves of this tree represent distribution
transformers.

graphic coordinates of its components are also known, but are not reflected in the figure.

The peak power of the feeder at the substation is reported by the utility to be approxi-

mately 14 MVA, and the primary distribution voltage is 13.2 kV. The end-use loads of

the households include conventional thermostatically controlled air-conditioning, water

heaters, TV sets, fans, lights, ovens, and other common electric devices. This feeder has

1372 houses.

3.3.3.2 PNNL taxonomy feeders

The so-called “taxonomy feeders” are prototypical feeders developed by researchers

at PNNL. They represent the fundamental characteristics of radial distribution feed-

ers found in the U.S., based on 575 distribution feeders from 151 separate substations
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from different utilities across the U.S. Each prototypical feeder is characterized as be-

longing to one of five U.S. climate regions8, by primary distribution voltage level, and

other features [40, 41]. The models of the taxonomy feeders are provided as part of the

GridLAB-D software package. Simulation studies were performed on all 22 taxonomy

feeders that contain houses. The feeders have been modeled with high fidelity from

the substation down to the individual customer meters, including detailed end-use load

representations (heating, ventilation, and air-conditioning, and various other constant

impedance, current, and power loads). Floor areas are provided as part of the model

parameters.

3.4 Simulation Results

This section contains a distillation of results from extensive simulation studies on

a wide range of distribution feeders that were modeled in very high detail. Our find-

ings indicate that the proposed voltage controller with appropriate parameter settings

would successfully control the voltages within normal bounds in all cases. In the studies

described below, the “no droop” case represents a base scenario where none of the invert-

ers is regulating the voltage, whereas in the “all droop” case all inverters are regulating

their local voltage, and have the same droop function parameters. The inverters are

distributed in a random fashion around the distribution feeder.

3.4.1 Sunny and clear Sky

In this section cloud effects are ignored, and all PV panels are assumed to receive the

same amount of solar irradiance. A relatively temperate day with a sunny sky is selected

(Feb. 27, 2011, from the Loyola Marymount University, University Hall, Los Angeles,

CA site). Light load conditions with high PV power production are most likely to cause

8Region 1 is the U.S. west coast, region 2 is the north-central and eastern U.S., region 3 is the
non-coastal southwest U.S., region 4 is the non-coastal southeast and central U.S., and region 5 is the
southeast.
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Table 3.1 ABDTF Metrics for 15% and 30% Penetration Level

15% 15% 30% 30%

Metrics No droop All droop No droop All droop

D (V) N/A 10 N/A 10

VVR (%) 5.32 0.00 47.52 0.00

Vmax (V) 126.63 125.86 127.11 125.88

Vmin (V) 120.58 120.57 120.33 120.34

∆Eload (MWh) 50.505* −0.0127 51.027* −0.033

∆Eloss (MWh) 0.928* 0.007 0.909* 0.021

∆EPV (MWh) 9.369* −0.008 17.286* −0.023

∆ESS (MWh) 42.063* 0.003 34.650* 0.010

∆EQ
SS (MVAr-h) 16.460* 1.402 16.514* 3.474

∆EQ
PV (MVAr-h) 0.000* −1.398 0.000* −3.457

* These values represent energies for the base case.

undesirable voltage rise effects. Meteorological data are obtained from the National

Renewable Energy Laboratory Measurement and Instrumentation Data Center (MIDC)

database [70], which contains records of solar irradiance and air temperature recorded

at 1-minute intervals from several stations. In the simulations, Volt/VAr support is not

active overnight. It is activated in the morning, as soon as real PV power generation

begins, and deactivated at sunset.

3.4.1.1 ABDTF

Studies are first run for two different penetration levels (15% and 30%), with constant

droop function parameters (V a = 114 V, D = 10 V, and V d = 126 V). Table 3.1

contains the simulation metrics for these studies. Then studies are conducted for a 50%

penetration level, with varying droop function parameters (same V a, V d as before, but

different D). Table 3.2 summarizes these simulation results.

15% penetration level For this case, 231 houses are assumed to have PV systems.

The maximum uncontrolled voltage (Vmax = 126.63 V) is higher than 126 V, and causes
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Table 3.2 ABDTF Metrics for 50% Penetration Level

D VVR Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV

(V) (%) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

N/A 94.1 128.8 120.8 50.40* 0.94* 30.73* 20.62* 16.46* 0.00*

10 0.0 125.9 120.8 −0.080 0.056 −0.051 0.027 7.677 −7.623

9 0.0 125.9 120.8 −0.110 0.079 −0.086 0.055 10.369 −10.291

8 0.0 125.9 120.8 −0.127 0.106 −0.130 0.109 13.049 −12.942

7 0.0 125.9 120.8 −0.162 0.135 −0.179 0.152 15.572 −15.432

6 0.0 125.9 120.8 −0.176 0.165 −0.230 0.218 17.886 −17.711

5 0.0 125.9 120.6 −0.200 0.195 −0.279 0.274 19.993 −19.783

4 0.0 125.9 120.4 −0.230 0.225 −0.327 0.321 21.907 −21.660

3 0.0 125.9 120.3 −0.237 0.254 −0.372 0.389 23.650 −23.366

2 0.0 125.9 120.1 −0.250 0.283 −0.415 0.448 25.246 −24.926

1 0.0 125.9 119.8 −0.276 0.311 −0.455 0.489 26.713 −26.357

* These values represent energies for the base case.

the absorption of a minor amount of reactive power in the controlled case (EQ
PV =

−1.398 MVAr-h). The voltages in the controlled case are in compliance with ANSI

Standard C84.1.

30% penetration level In this case, 433 houses are assumed to have PV systems.

In the uncontrolled case, almost 50% of residential customers experience an overvoltage

at some point in the day. However, the voltage controllers successfully mitigate this

issue.

50% penetration level For this case, 733 houses are assumed to have PV units.

As can be observed in Fig. 3.7(a), the real power flow at the substation is reversed

during the daytime. Fig. 3.7(b) reflects the level of reactive power absorbed from the

PV inverters. Fig. 3.8 depicts the statistical distribution of voltages at the household

meters. Fig. 3.8(a) illustrates that without the droop control the maximum voltages

significantly exceed the upper limit for a substantial number of residential customers.

Fig. 3.8(b) shows how the proposed controllers acting in unison can offset voltage rise
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Figure 3.7 50% PV penetration in ABDTF: (a) Real power at the substation; (b) Re-
active power at the substation; (c) Total PV real power generation.

conditions, and how all voltages remain below their upper limit. It can be observed that

overvoltages have been mitigated in all controlled cases, but as D decreases, reactive

power absorption increases, which also increases the reactive energy at the substation

and the total system loss.

3.4.1.2 Taxonomy feeders

In the uncontrolled case, the voltage violation ratio (VVR) is always nonzero, as

can be observed from Tables 3.3, 3.4 and 3.5 of Appendix B. On the other hand, the

proposed distributed control scheme mitigates overvoltages successfully in all cases (with
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Figure 3.8 Statistics of voltages at meters of residential loads for 50% PV penetration in
ABDTF (V a = 114 V, V d = 126 V, D = 10 V). The five traces correspond
to the minimum, mean value minus one standard deviation, mean value,
mean value plus one standard deviation, and maximum voltage.

the exception of a few cases where D = 10 V). Fig. 3.9 depicts the maximum voltage

magnitudes that appear at the meters of all residential consumers for a selected subset

of PNNL taxonomy feeders (one from each region). Fig. 3.10 illustrates the change in

statistical distribution of voltages at the meters of the residential loads throughout the

day in feeder R5-3500-1. Similar patterns are observed in all feeders. Generally, the

estimated loss in PV energy production due to the reactive power control action is on

the order of 1–2% (during this light-load day) as shown in Fig. 3.11 for the same five

feeders as previously. Fig. 3.12 depicts the change in reactive energy consumption at the

substation.
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Figure 3.9 Maximum voltage in PNNL taxonomy feeders for 50% penetration level.

More comprehensive simulation results for all studies conducted on the 22 PNNL

taxonomy feeders are given in Tables 3.3, 3.4 and 3.5 in Appendix B. It is noted that

decreasing the deadband width D is beneficial with respect to eliminating voltage rises.

This could also improve the overall dynamic system stability, due to the corresponding

reduction in the slope of the droop characteristic. However, it comes at the expense

of higher inverter and distribution feeder energy loss, and substantially higher reactive

power demand at the substation.

3.4.2 Cloudy Sky

In the previous subsection cloud effect has been ignored, for a relatively temperate

day with a sunny sky, and all PV panels were assumed to receive the same amount of solar

irradiance. However, the output of a PV system in a cloudy day can be quite intermittent

and it causes voltage and power fluctuations in the distribution systems. This subsection

contains the effect of cloud transients on distribution system performance using the
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Figure 3.10 Statistics of voltages at meters of residential loads for 50% PV penetration
in PNNL feeder R5-3500-1 (V a = 114 V, V d = 126 V, D = 10 V).

proposed distributed Volt/VAr controller. In this case, PV panels are not receiving the

same amount of solar irradiance. Because during cloudy days, using the same solar

irradiance time series for calculating real power of hundreds of PV systems scattered

over a large area can lead to significant error. In order to model this condition with high

fidelity, fractal cloud model, proposed in [71], are used to model a realistic cloud pattern

that moves over the ABDTF feeder (explained in Subsection 3.4.1.1). To achieve this,

the original solar source code of GridLAB-D was modified to represent this model9. In

the modified codes, PV panels of houses connected to the same distribution transformers

are receiving the same amount of solar irradiance time series. The obtained cloud shadow

9In the original source code of GridLAB-D, house and solar panel models are coded to look for a
single climate object.
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Figure 3.11 Relative change of PV energy in PNNL taxonomy feeders for 50% penetra-
tion level.

pattern from the model in [71], is shown in Fig. 3.13 (bottom), and a magnified portion

of this (indicated by a small box around 14:45) is displayed in Fig. 3.14. The figures are

in gray scale; darker pixels correspond to increased shading.

Power and statistics of voltages are shown in Figs. 3.15 and 3.16. As can be observed

in Fig. 3.15(a), the real power flow at the substation is reversed most of the time during

one hour simulation. Fig. 3.15(b), depicts total reactive power at the substation. The

plot in the controlled case reflects the level of reactive power absorbed from the PV

inverters to mitigate voltage rise. Fig. 3.15(c) presents the total real power generated

from the PV units. As you can see cumulus clouds caused significant fluctuations in

PV outputs. Fig. 3.16 depicts the statistical distribution of voltages at the household

meters. Fig. 3.16(a) illustrates that without the droop control the maximum voltages

significantly exceed the upper limit for a substantial number of residential customers,

with a significant amount of fluctuations. Fig. 3.16(b) shows how the proposed controllers
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Figure 3.12 Reactive energy at the substation in PNNL taxonomy feeders for 50% pen-
etration level.

can offset voltage rise conditions with a lot of fluctuations, and how all voltages remain

below their upper limit.

3.5 Conclusion

We studied the mitigation of voltage rise via reactive power absorption from dis-

tributed PV inverters. Analyses were conducted with detailed computer simulations of

an array of real and realistic feeders representative of all US regions for several PV pene-

tration levels, as high as 50%. Also, the effect of cloud transients on distribution system

performance using the proposed distributed Volt/VAr controller was studies. The results

indicate that voltages can be successfully controlled within normal bounds in all cases

that were analyzed.

One potential technical issue of high significance is the substantial amount of extra

reactive power that is absorbed by the feeder at the substation. This reactive power would
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have to be compensated, perhaps using capacitor banks at the substation, otherwise

problems related to transmission system voltage stability might arise. However, fast

cloud transients and the reaction of the distributed Volt/VAr PV controllers might render

capacitor bank-based compensation unsuitable for this purpose. Furthermore, it would

be interesting to study if and how the proposed control scheme could be integrated into

more conventional Volt/VAr controls that use capacitor banks and load tap changers.

Appendix A: Example System Parameters

The two-bus system has the following parameters: The voltage of bus 1 is fixed at

V1 = 129 V. The load consumes Pl = 3 kW and Ql = 1 kVAr. The PV inverter is

rated at Smax = 1.5 kVA, and is assumed to be lossless. Its real power generation is

initially zero, and is stepped to P inv = 1 kW during period 6. The impedance of the line

is 0.076 + j0.268 Ω. The droop function parameters are V a = 114 V, V d = 126 V, and

D = 10 V.

The three-bus system is similar to the two-bus system, with the following differences:

The loads consume Pl2 = Pl3 = 1.5 kW and Ql2 = Ql3 = 0.5 kVAr. The line impedance

between bus 1 and bus 2 is 0.076+j0.268 Ω, and the impedance between bus 2 and bus 3

is 0.0076 + j0.0268 Ω.

Appendix B: Comprehensive Simulation Results for PNNL

Taxonomy Feeders

Tables 3.3, 3.4 and 3.5 contain a comprehensive set of simulation results for studies

conducted on 22 PNNL taxonomy feeders. The PV inverters are operating with vari-

ous droop function parameters (V a = 114 V, V d = 126 V, variable D) under a 50%

penetration level.
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Table 3.3 PNNL Taxonomy Feeders’ Metrics for 50% Penetration Level

D VVR Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV
(V) (%) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

R1-1247-1 with 1594 houses and 777 PV systems:
N/A 43.91 129.52 114.33 63.056* 1.849* 46.698* 18.208* 22.471* 0.000*

10.00 0.19 126.92 114.30 -0.073 0.045 -0.010 -0.019 3.271 -3.175
4.00 0.00 125.99 114.30 -0.288 0.168 -0.105 -0.014 13.299 -12.919
1.00 0.00 125.99 114.27 -0.412 0.250 -0.183 0.022 18.193 -17.627

R1-1247-2 with 544 houses and 286 PV systems:
N/A 39.34 129.46 114.82 22.867* 0.840* 17.316* 6.392* 3.803* 0.000*

10.00 0.18 126.17 114.82 -0.020 0.025 -0.007 0.012 1.353 -1.318
4.00 0.00 124.87 114.80 -0.081 0.081 -0.037 0.037 5.145 -5.021
1.00 0.00 124.38 114.26 -0.117 0.122 -0.073 0.078 7.435 -7.253

R1-1247-3 with 22 houses and 12 PV systems:
N/A 100.00 126.20 123.42 10.334* 0.052* 0.730* 9.656* 0.541* 0.000*

10.00 0.00 125.73 123.42 -0.007 0.002 -0.003 -0.002 0.319 -0.319
4.00 0.00 125.73 122.34 -0.015 0.008 -0.014 0.006 0.731 -0.729
1.00 0.00 125.73 121.94 -0.018 0.010 -0.017 0.009 0.828 -0.824

R1-1247-4 with 652 houses and 339 PV systems:
N/A 56.44 130.04 116.35 45.544* 0.680* 21.367* 24.857* 19.541* 0.000*

10.00 0.61 126.67 116.35 -0.067 0.053 -0.014 -0.000 3.008 -2.968
4.00 0.00 124.88 116.35 -0.212 0.176 -0.090 0.054 9.215 -9.071
1.00 0.00 124.88 116.25 -0.276 0.249 -0.149 0.122 12.033 -11.816

R1-2500-1 with 40 houses and 21 PV systems:
N/A 2.50 126.14 122.39 19.497* 0.314* 1.336* 18.475* -10.353* 0.000*

10.00 0.00 125.88 122.38 -0.001 -0.000 -0.002 0.000 0.146 -0.145
4.00 0.00 125.88 122.34 -0.004 -0.002 -0.018 0.011 1.020 -1.022
1.00 0.00 125.88 121.96 -0.006 -0.001 -0.025 0.017 1.286 -1.288

R2-1247-1 with 176 houses and 87 PV systems:
N/A 15.34 126.57 123.96 49.802* 0.593* 6.936* 43.459* 5.211* 0.000*

10.00 0.00 125.99 123.96 -0.043 0.005 -0.023 -0.015 2.178 -2.171
4.00 0.00 125.99 122.61 -0.140 0.029 -0.132 0.022 6.811 -6.760
1.00 0.00 125.99 121.94 -0.162 0.039 -0.164 0.041 7.897 -7.829

R2-1247-2 with 836 houses and 437 PV systems:
N/A 82.66 127.66 120.38 40.733* 0.932* 33.674* 7.991* 17.666* 0.000*

10.00 0.00 125.70 120.38 -0.090 0.043 -0.028 -0.019 5.071 -5.023
4.00 0.00 125.70 119.94 -0.284 0.152 -0.180 0.048 15.443 -15.219
1.00 0.00 125.70 118.91 -0.360 0.215 -0.271 0.126 19.640 -19.299

R2-1247-3 with 1506 houses and 756 PV systems:
N/A 24.50 128.86 114.11 60.470* 1.684* 49.826* 12.328* 25.087* 0.000*

10.00 0.07 126.70 114.09 -0.029 0.005 -0.004 -0.020 1.306 -1.272
4.00 0.00 125.91 114.10 -0.204 0.040 -0.051 -0.114 7.776 -7.661
1.00 0.00 125.91 114.14 -0.331 0.073 -0.102 -0.157 12.032 -11.874

* These values represent energies for the base case.
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Table 3.4 PNNL Taxonomy Feeders’ Metrics for 50% Penetration Level

D VVR Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV

(V) (%) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

R2-2500-1 with 910 houses and 465 PV systems:
N/A 43.85 127.11 121.95 142.723* 1.348* 38.057* 106.015* 24.249* 0.000*

10.00 0.00 125.98 121.81 -0.203 0.056 -0.072 -0.074 9.632 -9.582
4.00 0.00 125.98 120.99 -0.627 0.236 -0.500 0.109 29.981 -29.702
1.00 0.00 125.98 120.52 -0.759 0.316 -0.664 0.222 35.873 -35.482

R2-3500-1 with 90 houses and 44 PV systems:
N/A 13.33 126.13 123.67 94.617* 0.775* 3.166* 92.225* 0.612* 0.000*

10.00 0.00 125.97 123.66 -0.014 0.000 -0.014 -0.000 0.795 -0.788
4.00 0.00 125.93 123.14 -0.092 0.010 -0.085 0.003 3.846 -3.818
1.00 0.00 125.93 122.89 -0.106 0.014 -0.101 0.009 4.393 -4.359

R3-1247-1 with 457 houses and 232 PV systems:
N/A 5.25 126.26 123.81 62.946* 1.258* 12.511* 51.693* 13.858* 0.000*

10.00 0.00 125.94 123.76 -0.071 0.008 -0.031 -0.033 3.567 -3.558
4.00 0.00 125.94 122.66 -0.248 0.054 -0.243 0.049 12.499 -12.416
1.00 0.00 125.94 122.14 -0.285 0.072 -0.306 0.093 14.600 -14.486

R3-1247-3 with 1326 houses and 725 PV systems:
N/A 64.40 127.98 120.51 50.483* 2.748* 33.887* 19.345* 30.050* 0.000*

10.00 0.00 125.70 120.50 -0.080 0.046 -0.040 0.007 6.724 -6.699
4.00 0.00 125.47 119.61 -0.263 0.182 -0.291 0.211 20.897 -20.742
1.00 0.00 125.47 118.96 -0.326 0.259 -0.415 0.348 25.861 -25.619

R4-1247-1 with 523 houses and 239 PV systems:
N/A 14.72 126.99 120.05 32.487* 1.042* 17.801* 15.729* 18.346* 0.000*

10.00 0.00 125.73 120.06 -0.047 0.009 -0.017 -0.020 3.066 -3.062
4.00 0.00 125.56 119.28 -0.174 0.063 -0.183 0.072 11.869 -11.793
1.00 0.00 125.56 119.25 -0.217 0.090 -0.255 0.129 14.651 -14.528

R4-1247-2 with 370 houses and 212 PV systems:
N/A 87.03 127.70 120.45 14.092* 0.494* 13.766* 0.820* 8.988* 0.000*

10.00 0.00 125.90 120.43 -0.028 0.007 -0.012 -0.009 2.425 -2.423
4.00 0.00 125.90 118.56 -0.095 0.034 -0.105 0.045 7.722 -7.697
1.00 0.00 125.90 117.68 -0.118 0.049 -0.151 0.081 9.577 -9.533

R4-2500-1 with 168 houses and 72 PV systems:
N/A 16.07 127.39 118.87 5.916* 0.225* 4.800* 1.341* 4.054* 0.000*

10.00 0.00 125.96 118.88 -0.007 0.003 -0.004 0.000 0.583 -0.581
4.00 0.00 125.96 118.88 -0.027 0.010 -0.023 0.006 1.911 -1.904
1.00 0.00 125.96 118.00 -0.037 0.014 -0.035 0.012 2.491 -2.480

* These values represent energies for the base case.
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Table 3.5 PNNL Taxonomy Feeders’ Metrics for 50% Penetration Level

D VVR Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV

(V) (%) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

R5-1247-1 with 1002 houses and 536 PV systems:
N/A 9.08 126.86 120.07 77.910* 1.011* 38.482* 40.439* 24.891* 0.000*

10.00 0.00 125.31 120.07 -0.057 0.011 -0.007 -0.039 2.375 -2.359
4.00 0.00 125.31 120.08 -0.399 0.103 -0.213 -0.083 17.779 -17.597
1.00 0.00 125.31 118.99 -0.549 0.160 -0.346 -0.044 23.733 -23.431

R5-1247-2 with 306 houses and 172 PV systems:
N/A 6.21 128.27 115.67 40.443* 0.641* 11.976* 29.108* 19.392* 0.000*

10.00 0.33 126.43 115.67 -0.019 0.010 -0.004 -0.005 0.797 -0.793
4.00 0.00 125.66 115.56 -0.162 0.102 -0.095 0.035 6.709 -6.659
1.00 0.00 125.66 115.61 -0.217 0.149 -0.147 0.080 8.871 -8.786

R5-1247-3 with 2024 houses and 1065 PV systems:
N/A 46.54 134.31 114.23 68.724* 4.185* 73.835* -0.925* 13.655* 0.000*

10.00 10.13 127.91 114.19 -0.244 0.084 -0.039 -0.121 7.093 -6.392
4.00 0.00 125.98 114.23 -0.451 0.167 -0.064 -0.220 11.651 -10.520
1.00 0.00 125.90 114.23 -0.559 0.258 -0.115 -0.185 15.270 -13.790

R5-1247-4 with 926 houses and 493 PV systems:
N/A 39.63 127.39 121.32 60.587* 1.271* 36.767* 25.092* 28.205* 0.000*

10.00 0.00 125.71 121.27 -0.096 0.038 -0.034 -0.024 5.349 -5.344
4.00 0.00 125.71 120.70 -0.385 0.188 -0.287 0.090 20.778 -20.696
1.00 0.00 125.71 119.73 -0.485 0.269 -0.421 0.204 26.263 -26.115

R5-1247-5 with 1539 houses and 802 PV systems:
N/A 35.67 128.78 117.90 70.804* 2.096* 59.586* 13.313* 37.419* 0.000*

10.00 0.06 126.04 118.02 -0.127 0.079 -0.026 -0.023 4.857 -4.765
4.00 0.00 125.79 117.57 -0.489 0.263 -0.177 -0.049 19.254 -18.837
1.00 0.00 125.79 117.78 -0.671 0.382 -0.292 0.003 25.898 -25.245

R5-2500-1 with 2146 houses and 1095 PV systems:
N/A 30.75 130.40 115.57 96.909* 1.987* 88.829* 10.067* 51.493* 0.000*

10.00 0.05 126.98 115.57 -0.150 0.092 -0.044 -0.014 9.954 -9.910
4.00 0.00 125.46 115.21 -0.633 0.393 -0.489 0.249 41.314 -41.122
1.00 0.00 125.42 114.51 -0.824 0.565 -0.761 0.501 53.278 -52.951

R5-3500-1 with 2192 houses and 1155 PV systems:
N/A 38.55 127.90 120.29 98.390* 1.919* 86.029* 14.281* 50.383* 0.000*

10.00 0.00 125.90 120.30 -0.216 0.150 -0.110 0.044 15.202 -15.174
4.00 0.00 125.90 118.72 -0.694 0.416 -0.698 0.419 49.428 -49.366
1.00 0.00 125.90 117.80 -0.864 0.563 -0.988 0.687 61.213 -61.081

* These values represent energies for the base case.
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4. Local Reactive Power Compensation by Rooftop PV

Inverters

A paper to be submitted in the IEEE Transactions on Power Delivery.

Pedram Jahangiri 1, Dionysios C. Aliprantis, and Lyndon Cook

Abstract

This paper studies the behavior of distribution feeders with high penetration level

of rooftop photovoltaics (PV), in the case where PV inverters compensate the reactive

power consumption of local households loads. In this context, some important theoretical

aspects of control design are investigated. Case studies involving simulations of realistic

distribution feeders with hundreds of households and their appliances modeled in high

detail are performed to study the distribution system impacts of the proposed controller.

It is shown that this control typically leads to a reduction of real power losses, and helps

to decrease congestion at the transmission side.

4.1 Introduction

T
HE INSTALLED capacity of embedded rooftop photovoltaic (PV) generation in

residential distribution systems is rising rapidly worldwide [7], driven by reduc-

tions in costs, increases in electricity prices, and higher sensitivity about sustainability.

1Primary researcher and author.
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Modern PV inverters have the capability to supply or absorb reactive power, indepen-

dently of their production of real power, at essentially no extra cost. This functionality

can be exploited in a number of ways, for instance, for reducing the voltage rise phe-

nomenon due to the reverse power flow in feeders [29, 72]. In this paper, we study the

case where PV inverters are operated as local VAr compensators (LVArC), that is, when

they are providing the reactive power consumed by local loads as measured at their point

of common coupling (PCC).

In general, VAr compensation reduces transmission loss, maximizes power transmis-

sion capability, enhances stability, and helps support the supply voltage [69, 73–76]. In

distribution systems, reactive power is typically supplied from capacitor banks, although

power electronic equipment can be used as well [77,78]. PV systems that are capable of

providing reactive power support to the grid are now commercially available [25, 26].

In the approach considered herein, the supply of reactive power from the PV inverters

is adjusted dynamically based on local measurements. The control objective is to make

each customer (e.g., house) appear as a unity power factor load in the steady state, to the

extent that this is possible given the limitations of the inverter. This is achieved using

a simple yet effective proportional-integral (PI) control, but also requires the presence

of an advanced (or “smart”) utility meter with an appropriate communication interface,

e.g., via ZigBee [79–82]. The meter measures the reactive power consumption at the

PCC of each house with the utility, then transmits this signal to the power electronics

periodically, e.g., every 1 s. The proposed system does not require communication or

cooperation with other PV inverters [58, 64]. Also, since the PV inverters are not ac-

tively regulating the voltage level, safety concerns are alleviated, and the system is in

compliance with current interconnection codes and standards, such as UL 1741 [23] and

IEEE Std. 1547 [24].

The literature contains numerous examples of inverter-based reactive power support

for achieving various objectives. One approach is to formulate a constrained optimization
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problem, where the objectives can be the minimization of loss and/or the maximization

of the voltage profile flatness along the feeder [83–86]. The solution of this problem

requires knowledge of a great amount of data related to the feeder configuration (e.g.,

cable parameters) and its dynamic state (e.g., available inverters, voltages, real and

reactive powers, etc.). Data is transmitted to a central controller, where the problem is

solved, and then commanded set-points are communicated back to the controllers of the

inverters. In theory, these schemes can find globally optimal solutions; however, they are

not practical to implement. The alternate approach is to calculate the dispatch of the

reactive power of inverters in a distributed fashion [33,87–89]. These techniques are based

on local information and limited communication with surrounding nodes, they are less

computationally demanding, they impose reduced communication overhead, and they

have been shown to be robust, even though convergence rate can be slow. Nevertheless,

such control strategies typically consider the voltage regulation problem only. Hence,

they can lead to unacceptably low power factor at the substation, and increased losses

in the distribution and transmission grid.

The salient contributions of this work can be summarized as follows: 1) A control

scheme that permits residential rooftop PV inverters to compensate their local reactive

power consumption is proposed. 2) The control is validated via high-fidelity time-series

simulations of several realistic distribution feeders with hundreds of households and their

appliances modeled in detail. The simulations are run using GridLAB-D [31], which is an

open-source software platform developed by the U.S. Department of Energy at the Pacific

Northwest National Laboratory (PNNL) for the simulation of electric power distribution

systems. GridLAB-D has a comprehensive library of precise load models, including

their dependence on voltage levels. The original inverter source code of GridLAB-D

was modified to represent the proposed control. The reactive power capability of the

inverter is modeled accurately as dynamically dependent on the real power generation,

and inverter losses are accounted for as well. 3) The dynamic interactions between
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PV inverters operating in tandem (but not necessarily in a synchronized manner) are

investigated. Previous work has pointed out that this may arise from inappropriate

choice of controller parameters [32, 33]. Here, system stability is established using a

novel distribution system analysis framework.

The remainder of this paper is organized as follows: Section 4.2 sets forth the pro-

posed controller and discusses system stability. Illustrative findings from computer sim-

ulations on several realistic feeders are reported in Section 4.3. Concluding remarks are

provided in Section 4.4.

4.2 System Modeling and Control Strategy

4.2.1 Reactive Power Compensation by Power Electronics

Fig. 4.1 shows the proposed modification to a PV inverter with maximum power

point tracking (MPPT) functionality. The MPPT algorithm determines the real power

output of the inverter at each period n, P inv
n = P̂n−P inv, loss

n . The reactive power output,

Qinv
n ≈ Q̂n, is determined by a PI controller and a limiter block. Other functions of

the inverter, such as the phase-locked loop for tracking the terminal voltage and anti-

islanding detection schemes, are not shown here. The generation of an additional reactive

power component is relatively simple to implement (for example, using qd reference frame

theory), and amounts to injecting the appropriate current component ninety degrees out

of phase with the voltage.

The reactive power compensating controller of inverter j attempts to bring the mea-

sured PCC reactive power to zero, and operates based on the following discrete-time

equations

EQ
j,n =















max
(

min
(

EQ,max
j , EQ

j,n−1 +Qm
j,n−1M∆t

)

, −EQ,max
j

)

if n = kM + j, k ∈ N

EQ
j,n−1 otherwise

(4.1)
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Figure 4.1 Block diagram of the proposed local VAr compensator scheme.

and

Q̃j,n =















GI
jE

Q
j,n−1 +GP

j Q
m
j,n−1 if n = kM + j, k ∈ N

Q̃j,n−1 otherwise

(4.2)

where EQ
j,n stands for “reactive energy,” EQ,max

j > 0 is an anti-windup limit, and Q̃j,n

is the reactive power command for controller j at time slot n. The parameters GI
j and

GP
j are PI control gains. It is assumed that each second is subdivided into an integer

number M of intervals of duration ∆t seconds, and that each inverter acts as soon as

the reactive power measurement Qm
j,n is received from the smart meter, which happens

periodically every 1 s. (Hence, M∆t = 1 s.) This formulation allows the analysis of

multiple controllers acting independently of each other, not necessarily in a synchronized

manner, since it is not realistic to expect that such a synchronization scheme would be



64

in place.

The maximum reactive power capability at period n is computed based on the real

power generation and the apparent power rating of the inverter Smax
j , by

Qmax
j,n = [(Smax

j )2 − (P̂j,n)
2]1/2. (4.3)

Hence, the commanded value of reactive power Q̂n is

Q̂j,n =















Q̃j,n if |Q̃j,n| ≤ Qmax
j,n

sgn(Q̃j,n) ·Q
max
j,n otherwise .

(4.4)

The power loss of the inverter is modeled as

P inv, loss
j,n =

(

ae−bP̂j,n + c
)

·

√

(P̂j,n)2 + (Q̂j,n)2 (4.5)

where a = 0.04, b = 0.01, and c = 0.018. This functional representation yields a realistic

loss model [90, 91].

4.2.2 Load Modeling

The loads at each bus are modeled using the ZIP model [92]. A wide variety of ZIP

load parameters obtained from laboratory measurements can be found in [93]. The real

and reactive power loads at house i are modeled as

P l
i,n = P l

i (Vi,n) = apiV
2
i,n + bpiVi,n + cpi (4.6)

Ql
i,n = Ql

i(Vi,n) = aqiV
2
i,n + bqiVi,n + cqi (4.7)

where the constants api , b
p
i , c

p
i , a

q
i , b

q
i , c

q
i are representative of the total load at house i.

4.2.3 Stability Analysis of Distribution Feeders with Proposed Control

A general framework for stability analysis of distribution systems with LVArC in-

verters is established in this section. This is based on a sequence of quasi steady-state
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operating points. It should be noted that recent work on microgrids has analyzed the in-

teractions of droop controllers (during microgrid islanded operation) [94–96], which have

been shown to cause instability under certain conditions. Also, research has shown that

resonances in line currents can occur due to inverter LCL filter interactions at various

frequencies, typically above 300 Hz [97–101]. Here, such issues are not of concern.

Consider the general case of an N -bus distribution feeder system with a constant-

voltage slack bus representing the substation, and N − 1 load buses with LVArC PV

inverters, i.e., N − 1 PQ buses. The loads are modeled using the ZIP model described

in subsection 4.2.2. For simplicity, let this be a single-phase system.

Assume that the limiter and anti-windup blocks are not activated, i.e., Q̂ = Q̃, and

that the reactive power output of the inverter is equal to the commanded value, i.e.,

Qinv = Q̂. The asynchronous behavior of the N − 1 controllers is modeled by staggering

them evenly within one second. Hence M = N − 1 and ∆t = (N − 1)−1 s. This dynamic

system has 2(N − 1) states representing the measured reactive energy and power output

of each inverter during period n, contained in a column vector Xn = [EQ
n ; Q̂n], where

EQ
n = [EQ

2,n EQ
3,n · · · EQ

N,n]
T and Q̂n = [Q̂2,n Q̂3,n · · · Q̂N,n]

T .

The dynamic system model is

Xn = f(Xn−1, n) =







EQ
n−1 + CnQ

m
n−1M∆t

Cn(G
IEQ

n−1 +GPQm
n−1) + (I− Cn)Q̂n−1






(4.8)

where I is an (N − 1) × (N − 1) identity matrix, the vector of measured reactive

powers is Qm
n = [Qm

2,n · · · Qm
N,n]

T , and the vector of reactive power demands (as-

sumed to be constant in this analysis) is defined as Ql
n = [Ql

2,n · · · Ql
N,n]

T . Note that

Qm
n = Ql

n − Q̂n. Also, GI , GP , and Cn are diagonal matrices, GI = diag([GI
2 · · · GI

N ]),

GP = diag([GP
2 · · · GP

N ]), and Cn = diag([c2,n · · · cN,n]), respectively, where cj,n = 1, for

n = kM + j − 1, k ∈ N, and zero otherwise. Therefore, Cn = diag([0 · · · 0 1 0 · · · 0]) is

a matrix where all diagonal elements are zero except one, corresponding to the inverter

that is activated in the nth time slot.
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The stationary states (fixed points) [ĒQ; Q̄] satisfy the nonlinear equation:

X̄ =







ĒQ

Q̄






= f(ĒQ, Q̄) =







GI−1
Ql

Ql






. (4.9)

The stability of this nonlinear periodic time-variant discrete-time system in the vicinity

of its stationary states can be determined using the following result [102]:

Theorem: For the periodic time-variant discrete-time systemXn = φ(Xn−1, n),

suppose φ : U × Z+ → U, U ⊆ R
m, is continuously differentiable in some

neighborhood of a fixed point X̄ ∈ U. Let J(n) = [∂φ(X, n)/∂X ]X=X̄ be the

Jacobian matrix of φ, evaluated at X̄ . Also, φ(Xn, n) = φ(Xn, n+M), where

M is the period of the system, and J̄ =
∏1

n=M J(n). Then:

• X̄ is asymptotically stable if all eigenvalues of J̄ have magnitude less

than 1.

• X̄ is unstable if at least one eigenvalue of J̄ has magnitude greater

than 1.

Here, the Jacobian matrix of (4.8) becomes

J(n) =

[

∂f(X, n)

∂X

]

X=X̄

=







∂f1
∂EQ

∂f1
∂Q̂

∂f2
∂EQ

∂f2
∂Q̂







X=X̄

=







I Cn

([

∂Ql

∂V

] [

∂V
∂Q̂

]

− I

)

M∆t

CnG
I CnG

P
([

∂Ql

∂V

] [

∂V
∂Q̂

]

− I

)

+ I− Cn







X=X̄

(4.10)

where [∂Ql/∂V ] is a diagonal matrix,

[

∂Ql

∂V

]

=













∂Ql
2

∂V2
0

. . .

0
∂Ql

N

∂VN













. (4.11)
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The diagonal elements can be obtained from (4.7), ∂Ql
i/∂Vi = 2aqiVi + bqi . The matrix

[∂V /∂Q̂] contains the partial derivatives

[

∂V

∂Q̂

]

=

























∂V2

∂Q̂2

∂V2

∂Q̂3

. . . ∂V2

∂Q̂N

∂V3

∂Q̂2

∂V3

∂Q̂3

. . . ∂V3

∂Q̂N

...
...

...

∂VN

∂Q̂2

∂VN

∂Q̂3

. . . ∂VN

∂Q̂N

























. (4.12)

To calculate [∂V /∂Q̂], we first write the power flow equations as implicit functions

of the reactive power injections by the PV inverters Q̂:

P (δ(Q̂), V (Q̂))− (P inv − P l(V (Q̂))) = 0 (4.13)

Q(δ(Q̂), V (Q̂))− (Q̂−Ql(V (Q̂))) = 0 . (4.14)

Here, the vector functions P = [P2 P3 · · · PN ]
T and Q = [Q2 Q3 · · · QN ]

T represent

real and reactive power injections, respectively, and P inv is a constant vector. The net

power injections at each load bus i = 2, 3, . . . , N , are

Pi =
N
∑

j=1

ViVj|Yi,j| cos(δj − δi + θi,j) (4.15)

Qi = −

N
∑

j=1

ViVj|Yi,j| sin(δj − δi + θi,j) (4.16)

where the elements of the nodal admittance matrix of the system are denoted by Yi,j =

|Yi,j| θi,j . Hence, from (4.13)–(4.14), we obtain:
[

∂P

∂δ

] [

∂δ

∂Q̂

]

+

[

∂P

∂V

] [

∂V

∂Q̂

]

+

[

∂P l

∂V

] [

∂V

∂Q̂

]

= 0 (4.17)

[

∂Q

∂δ

] [

∂δ

∂Q̂

]

+

[

∂Q

∂V

] [

∂V

∂Q̂

]

+

[

∂Ql

∂V

] [

∂V

∂Q̂

]

= I . (4.18)

The diagonal matrix [∂Pl/∂V ] is similar to [∂Ql/∂V ],

[

∂P l

∂V

]

=













∂P l
2

∂V2
0

. . .

0
∂P l

N

∂VN













. (4.19)
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Its diagonal elements can be obtained from (4.6): ∂P l
i /∂Vi = 2apiVi + bpi . Manipulation

of (4.17)–(4.18) yields

[

∂V

∂Q̂

]

=

{

[

∂Q

∂V

]

+

[

∂Ql

∂V

]

−

[

∂Q

∂δ

] [

∂P

∂δ

]

−1([
∂P

∂V

]

+

[

∂P l

∂V

])

}

−1

. (4.20)

In addition to [∂P l/∂V ] and [∂Ql/∂V ], this expression contains four submatrices of

the Jacobian of the power flow problem (not to be confused with the Jacobian of the

dynamic system function f), which have well-known expressions that can be computed

from (4.13)–(4.14) or found in a power systems textbook.

The Jacobian J(n) in (4.10) can be further approximated by noting that the magni-

tude of the elements of the matrix [∂V /∂Q̂] is typically on the order of 0.5–2.5 V/kVAr.2

(This is the impact of injected reactive power on local voltage.) Moreover, [∂Ql/∂V ]

is a diagonal matrix with elements in the range 5–15 VAr/V. Therefore, the term

([∂Ql/∂V ][∂V /∂Q̂]− I) in (4.10) is approximately equal to −I. Hence,

J(n) ≈







I −CnM∆t

CnG
I −CnG

P + I− Cn






. (4.21)

It can be readily shown that

J̄ =
1
∏

n=N−1

J(n) ≈







I −I

GI −GP






. (4.22)

It follows that the eigenvalues (λ) of J̄ satisfy

det(J̄ − λI2) ≈ det







I− λI −I

GI −GP − λI






= 0 (4.23)

where I2 is a 2(N − 1)× 2(N − 1) identity matrix. The determinant is evaluated using

2This has been confirmed for numerous small and large test systems.
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a well known matrix property3 [103]:

det(J̄ − λI2) ≈ det
(

λ2
I+ λ(GP − I) + (GI −GP )

)

=

N
∏

i=2

(

λ2 + λ(GP
i − 1) + (GI

i −GP
i )
)

= 0 . (4.24)

Hence, for i = 2, 3, . . . , N ,

λα,β
i ≈

−(GP
i − 1)±

√

(GP
i − 1)2 − 4(GI

i −GP
i )

2
. (4.25)

In order to ensure the stability of the system, all eigenvalues should have magnitude

less than 1. It can be concluded that stable sets of gains for each controller separately lead

to a stable distribution system with multiple LVArC controllers acting asynchronously.

For the case studies in the next section, the PI gains are GI = 0.3 and GP = 0.1 for all

inverters.

It is also interesting to briefly discuss stability in the other extreme case when all

controllers act simultaneously every 1 s. Now, the Jacobian is time-invariant and approx-

imately equal to the matrix in (4.22). Hence, the same set of eigenvalues is obtained.

4.3 Case Studies

This section contains a distillation of extensive simulation-based analyses on a wide

range of PNNL taxonomy feeders that were modeled and populated with PV systems in

very high detail. In the simulations, the controllers are not staggered but they all act

simultaneously, because GridLAB-D does not support time steps less than 1 s. As was

shown in Section 4.2.3, system stability should not be influenced by this.

The incident solar radiation on a tilted PV array is calculated using classical formu-

las [67], implemented in GridLAB-D. The calculation involves various types of irradiance

3Let M =

[

A B

C D

]

, where A, B, C, D are square matrices and C, D commute (i.e., CD = DC).

Then det

[

A B

C D

]

= det(AD −BC) .
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adjusted for time of day, the site latitude, and the orientation and tilt angle of the PV

panels.

In the simulations, PV panels are virtually installed on residential rooftops according

to a PV penetration level parameter, which is defined as:

penetration level =
residential customers with PV systems

total number of residential customers in the feeder
(4.26)

The houses are assumed to have two types of orientation, namely, north-south and east-

west. The orientation of houses with PV systems is split in a 3:1 ratio, signifying that

there is higher probability that PV panels will be installed on a south-facing rather than

on a west-facing roof in the northern hemisphere. The roof angle is uniformly selected

from a set with pitch equal to x/12, where x = {0, 3, 4, . . . , 12}. If the roof is flat (x = 0),

the solar panels are assumed to be facing south and tilted to a degree equal to the site

latitude; otherwise, solar panels are assumed to be installed parallel to the roof.

The southern or western part of the roof area is set equal to

south- or west-facing roof area = (0.5) · (floor area)/ cos(roof angle) . (4.27)

Then the total panel area is randomly generated according to a uniform distribution

within 50% to 90% of the south- or west-facing roof area. For a given PV panel area

value, the nominal apparent power rating of the inverter should satisfy:

Smax
j ≥ (CF) · (panel efficiency) · (rated insolation) · (area)

= (1.15) · (0.15) · (1000 (W/m2)) · (area (m2)) , (4.28)

where CF represents a corrective factor, since in certain cases the rated insolation can

be exceeded. Smax
j is selected from a list that has been compiled from commercially

available inverters (up to 30 kVA) [68], as the next higher value in the list. In other

words, the most economical inverter that can handle the rated real power for any given

PV installation is still being selected, so that additional investment costs for providing
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reactive power support are not incurred to the customer. The anti-windup limit in (4.1)

is set to EQ,max
j = (1.5/GI

j ) · S
max
j .

Meteorological data are obtained from the National Renewable Energy Laboratory

Measurement and Instrumentation Data Center (MIDC) database [70], which contains

records of solar irradiance and air temperature recorded at 1-minute intervals from several

stations. A hot day (peak day) with a clear sky is selected from the Loyola Marymount

University, University Hall, Los Angeles, CA site, for all feeders.

In the studies described below, the “No Control” case represents a base scenario

where none of the inverters have the local VAr compensator, whereas in the “LVArC”

case all inverters have the proposed control.

4.3.1 Distribution Feeders

This section provides details about the distribution feeders that are used for the case

studies. All feeders are connected to a high-voltage bus through a substation transformer

with an impedance of 0.009+j0.06 pu. The voltage regulator is activated and the output

node of the regulator’s voltage is controlled. Tap changes are performed based on default

values of band center and width in taxonomy feeders. The voltage at the transmission

side of the substation transformer for all feeders is assumed to be constant and equal to

1.02 pu.

4.3.1.1 PNNL taxonomy feeders

The so-called “taxonomy feeders” are prototypical feeders developed by researchers

at PNNL. They represent the fundamental characteristics of radial distribution feeders

found in the U.S., based on 575 distribution feeders from 151 separate substations from

different utilities across the U.S. Each prototypical feeder is characterized as belonging

to one of five U.S. climate regions4, by primary distribution voltage level, and other

4Region 1 is the west coast, region 2 is the north-central and eastern U.S., region 3 is the non-coastal
southwest U.S., region 4 is the non-coastal southeast and central U.S., and region 5 is the southeast.
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features [40]. For example, the PNNL feeder named R1-1247-1 is in climate region 1, and

has 12.47 kV line-to-line rms nominal primary distribution voltage5. The models of the

taxonomy feeders are provided as part of the GridLAB-D software package. Simulation

studies were performed on 20 taxonomy feeders that contain houses. The feeders have

been modeled with high fidelity from the substation down to the individual customer

meters, including detailed end-use load representations (heating, ventilation, and air-

conditioning, and various other constant impedance, current, and power loads). The

houses of each feeder are equipped with rooftop PV systems (with embedded LVArC

control) at 50% penetration level.

4.3.1.2 Agent-based distribution test feeder

A so-called “agent-based distribution test feeder” (ABDTF) has been developed by

the authors [69], based on an actual feeder of an electric utility in Iowa, with detailed

specifications for feeder equipment (such as fuses, switches, overhead and underground

conductors, and service transformers) as well as for residential and/or commercial cus-

tomers, including the floor areas of the houses.6 The peak power of the feeder at the

substation is reported by the utility to be approximately 14 MVA, and the primary dis-

tribution voltage is 13.2 kV. The end-use loads of the households include conventional

thermostatically controlled air-conditioning, water heaters, TV sets, fans, lights, ovens,

and other common electric devices. This feeder has 1372 houses.

4.3.2 Metrics for Evaluation

In this section, the metrics that will be used to evaluate the performance of the

LVArC controller are described. The metrics are observed over a span of 24 hours, at a

5All voltages in the paper are provided as rms values.
6In its original implementation, the feeder was equipped with an array of intelligent “agents,” such

as price-responsive air-conditioning units and plug-in electric vehicles, hence the name of the feeder.
However, this type of functionality has now been disabled, and the feeder only contains conventional
non-price-responsive load.
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time interval of 1 s.

The first set of metrics is related to voltage. These metrics are the average, maximum

and minimum voltage magnitudes (Vmean, Vmax, Vmin) that appear at the meters of all

residential consumers, over a span of 24 hours. Also, V̄mean is defined as the time average

of the spacial average Vmean over the 24 hours.

The second set of metrics is related to energy. These are the energy consumed by all

loads (Eload), the energy loss of the feeder (Eloss), the energy generated by all PV systems

(EPV), and the energy measured at the low-voltage side of the substation transformer

(ESS). Also, by integrating reactive power, “reactive energy” metrics can be defined,

measured in MVAr-h. These are the reactive energy measured at the substation (EQ
SS)

and the reactive energy generated by all PV systems (EQ
PV).

Differences between the case where PV inverters are supplying reactive power (“LVArC”)

and the base (“No Control”) case are denoted by “∆E”. In general, we expect to ob-

tain negative value for ∆Eloss, which represents reduced real energy losses throughout

the distribution feeder. This is because reactive energy of loads is compensated locally.

Also, since reactive energy demand is reduced at the substation, ∆EQ
SS will be negative.

∆EPV should be negative as well, because of extra inverter losses due to the reactive

power current component. Generally the voltages are increased in the “LVArC” case

(because of reactive power injection at each node), they usually result to higher power

consumption (from voltage-dependent loads) thus yielding positive values of ∆Eload. The

substation energy difference is given by

∆ESS = ∆Eload +∆Eloss −∆EPV . (4.29)

4.3.3 Simulation Results

Simulation results for studies conducted on PNNL taxonomy feeders and ABDTF are

given in Table 4.1, Table 4.2 and Table 4.3. As can be observed, energy losses have been

decreased in all cases by 0.1–9.5% and on average by 3% (negative ∆Eloss, as expected).
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In all feeders, “reactive energy” demand has been decreased significantly (14–86%) in

the controlled cases (negative ∆EQ
SS). This would lead to further loss reduction in the

substation transformer and the bulk transmission system, which are not modeled here.

Although energy losses were decreased in all “LVArC” cases, the real energy demand at

the substation in some cases increased (positive ESS); this is due to a slight decrease in

real energy production from the PV units (negative ∆EPV) and an increase in energy

consumed by voltage dependent loads (positive ∆Eload) according to (4.29). Also, it can

be observed from the Vmax and Vmin columns that the voltages in the controlled cases are

in compliance with the ANSI Standard C84.17 [18] in all feeders.

Fig. 4.2 illustrates power waveforms for one arbitrarily selected house.8 The large

pulses in Fig. 4.2(a) are due to the turning on and off of the A/C and water heater.

In this house, the power rating of the A/C unit is approximately 3 kVA (2.9 kW and

0.7 kVAr), and the heating element capacity of the water heater is 5.5 kW. Since the

water heater does not consume reactive power, the large pulses (around 5.5 kW) in

Fig. 4.2(a) that do not coincide with pulses in Fig. 4.2(c) are identified as caused by the

water heater. The other large pulses in Fig. 4.2(a) are due to periodic A/C action. The

small jumps are caused by other appliances turning on and off. Fig. 4.2(d) shows how the

LVArC controller of the PV inverter attempts to bring the measured PCC reactive power

to zero. It can be observed that when real power generation is highest (around noon), the

reactive power load cannot be compensated fully because the maximum reactive power

capability is limited (Smax
j = 2.4 kVA). Fig. 4.3 shows a magnified version (around 17:55-

17:56) of Figs. 4.2(c), 4.2(d) and 4.2(e), when the controller compensates reactive power

7The voltage at the PCC of residential loads should remain within five percent (114–126 V) from its
nominal value (120 V).

8In GridLAB-D, the electric water heater and air-conditioner (A/C) are modeled as thermostatically
controlled loads using appropriate physics-based models. Additionally, time-variant ZIP models are
used for other appliances (lighting, TV, fans, and plug loads). The real and reactive power of the A/C
depends on the outside air temperature (changing from 70◦ F to 90◦ F here), the inside air temperature,
equipment and house parameters, terminal voltage, and occupant-controlled set point (here, this varies
from 70◦ F to 75◦ F during the day). The houses have different realistic set points for A/C systems.
Some houses do not have an electric water heater.
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load. (These waveforms are captured on a second-by-second basis.)

Fig. 4.4 shows the real power losses on the various types of feeder components (over-

head lines, underground cables, service transformers, service lines) in feeder R1-1247-1.

As can be observed, real power losses have decreased in the controlled cases. Figs. 4.5(a)–(c)

depict the total apparent, real and reactive power load at the substation of feeder R1-

1247-1. Figs. 4.5(d) and 4.5(e) present the total real and reactive power generated from

the PV units in the same feeder.

4.4 Conclusion

This study investigated the implementation of a local reactive power compensating

control for rooftop PV inverters, which would work seamlessly with an advanced meter.

Additionally, in the context of a distribution feeder with many such inverters, system sta-

bility was established using an appropriate distribution system analysis framework. The

controller was extensively tested with case studies using detailed computer simulations.

A major finding is that the proposed controller can reduce real energy losses in the

feeder and reactive energy demand at the substation. The obtained operating point might

not be the globally-optimal loss-minimizing point that could perhaps be calculated by

rigorous feeder-level optimization. However, the reduction in loss is substantial, and

is achieved with a relatively simple system that requires no communication between

inverters or advanced computing capabilities. It was also shown that feeder-level voltage

stability will be guaranteed by using individually well-tuned controllers, which should

alleviate power quality concerns by utilities.

In future work, it would be interesting to integrate the LVArC controller with Volt/VAr

controls and conservation voltage reduction, for reducing the induced voltage rise due to

local reactive power injection, and thus conserving energy. To this end, the PV inverter

could be a multi-functional device with several operational modes.
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Table 4.1 PNNL Taxonomy Feeders’ Metrics for 50% Penetration Level

Ctrl V̄mean Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV

(V) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

R1-1247-1 with 1594 houses and 805 PV systems:

a** 122.0 125.3 114.6 59.058* 1.472* 21.866* 38.664* 20.014* 0.000*

b 122.4 126.0 115.3 0.024 −0.081 −0.009 −0.048 −15.226 15.030

R1-1247-2 with 544 houses and 270 PV systems:

a** 122.3 124.8 115.8 21.749* 0.689* 7.113* 15.325* 10.916* 0.000*

b 122.5 125.2 116.5 0.001 −0.040 −0.003 −0.037 −5.124 5.089

R1-1247-3 with 22 houses and 10 PV systems:

a** 123.8 124.3 121.5 9.248* 0.045* 0.253* 9.041* 0.658* 0.000*

b 123.8 124.3 121.6 0.000 −0.001 −0.000 −0.000 −0.182 0.182

R1-1247-4 with 652 houses and 338 PV systems:

a** 121.1 126.0 114.3 41.523* 0.500* 10.065* 31.958* 17.585* 0.000*

b 121.2 125.9 114.1 −0.011 −0.037 −0.003 −0.045 −4.257 4.238

R1-2500-1 with 40 houses and 19 PV systems:

a** 123.1 124.0 120.4 15.320* 0.130* 0.437* 15.012* 1.309* 0.000*

b 123.0 124.1 120.5 −0.001 −0.001 −0.000 −0.001 −0.317 0.316

R2-1247-1 with 176 houses and 89 PV systems:

a** 124.2 125.0 121.5 43.841* 0.515* 3.128* 41.229* 5.375* 0.000*

b 124.3 125.1 121.5 0.005 −0.002 −0.001 0.004 −1.876 1.873

R2-1247-2 with 836 houses and 432 PV systems:

a** 123.2 125.7 118.7 37.989* 0.799* 15.843* 22.944* 15.677* 0.000*

b 123.2 125.6 119.1 0.007 −0.030 −0.003 −0.019 −5.876 5.835

* These values represent energies for the base case.
** a: No control. b: LVArC control.
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Table 4.2 PNNL Taxonomy Feeders’ Metrics for 50% Penetration Level

Ctrl V̄mean Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV

(V) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

R2-1247-3 with 1506 houses and 780 PV systems:

a** 122.9 125.1 114.0 57.997* 1.461* 23.568* 35.891* 22.625* 0.000*

b 123.2 125.9 114.5 0.020 −0.059 −0.009 −0.030 −14.891 14.804

R2-2500-1 with 910 houses and 497 PV systems:

a** 123.9 125.2 120.7 119.806* 1.201* 18.352* 102.655* 22.693* 0.000*

b 124.0 125.5 120.8 0.020 −0.029 −0.006 −0.003 −10.336 10.312

R2-3500-1 with 90 houses and 47 PV systems:

a** 124.2 124.9 121.2 75.956* 0.836* 1.590* 75.202* 1.096* 0.000*

b 124.2 124.9 121.3 0.004 −0.001 −0.001 0.003 −0.947 0.946

R3-1247-1 with 457 houses and 228 PV systems:

a** 123.8 124.6 120.8 53.259* 1.326* 6.141* 48.444* 13.614* 0.000*

b 123.9 124.6 120.8 0.015 −0.011 −0.003 0.007 −4.170 4.159

R3-1247-3 with 1326 houses and 696 PV systems:

a** 122.8 125.3 117.1 45.613* 2.569* 14.405* 33.777* 27.888* 0.000*

b 122.5 125.0 117.5 −0.019 −0.046 −0.005 −0.060 −7.723 7.651

R4-1247-1 with 523 houses and 254 PV systems:

a** 123.9 125.0 119.2 28.839* 1.031* 8.747* 21.123* 16.472* 0.000*

b 124.0 125.1 119.4 0.006 −0.012 −0.002 −0.005 −3.399 3.386

R4-1247-2 with 370 houses and 201 PV systems:

a** 124.2 125.4 120.5 12.263* 0.439* 6.293* 6.410* 8.061* 0.000*

b 124.4 125.8 120.5 0.002 −0.008 −0.002 −0.003 −3.927 3.918

* These values represent energies for the base case.
** a: No control. b: LVArC control.



78

Table 4.3 PNNL Taxonomy Feeders and ABDTF’s Metrics for 50% Penetration Level

Ctrl V̄mean Vmax Vmin ∆Eload ∆Eloss ∆EPV ∆ESS ∆EQ
SS ∆EQ

PV

(V) (V) (V) (MWh) (MWh) (MWh) (MWh) (MVAr-h) (MVAr-h)

R4-2500-1 with 168 houses and 81 PV systems:

a** 122.7 125.3 117.5 5.304* 0.201* 2.447* 3.058* 3.686* 0.000*

b 122.6 126.2 118.6 −0.000 −0.004 −0.001 −0.003 −1.538 1.533

R5-1247-1 with 1002 houses and 509 PV systems:

a** 123.6 125.0 119.7 67.164* 1.006* 17.126* 51.043* 22.775* 0.000*

b 123.8 125.5 120.1 0.031 −0.042 −0.006 −0.004 −10.300 10.253

R5-1247-2 with 306 houses and 162 PV systems:

a** 123.0 125.1 115.2 32.137* 0.647* 5.061* 27.724* 15.178* 0.000*

b 123.1 125.5 115.3 0.008 −0.021 −0.001 −0.012 −2.086 2.077

R5-1247-4 with 926 houses and 466 PV systems:

a** 123.9 125.3 119.2 53.208* 1.220* 16.209* 38.219* 24.501* 0.000*

b 124.0 125.6 119.4 0.007 −0.034 −0.004 −0.023 −6.218 6.198

R5-1247-5 with 1539 houses and 759 PV systems:

a** 120.3 123.4 115.0 62.878* 1.795* 24.799* 39.875* 33.015* 0.000*

b 120.9 124.8 115.6 0.075 −0.169 −0.009 −0.085 −15.356 15.156

R5-3500-1 with 2192 houses and 1103 PV systems:

a** 122.7 124.6 120.5 85.561* 1.314* 36.520* 50.355* 30.212* 0.000*

b 122.7 124.6 120.6 0.005 −0.033 −0.009 −0.019 −14.448 14.438

ABDTF with 1372 houses and 691 PV systems:

a** 121.5 124.3 118.5 46.077* 0.853* 30.895* 16.036* 21.383* 0.000*

b 121.6 124.8 118.7 0.009 −0.044 −0.005 −0.030 −10.045 9.983

* These values represent energies for the base case.
** a: No control. b: LVArC control.
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Figure 4.2 Power waveforms for one arbitrarily selected house: (a) Real power consump-
tion of the house, (b) Real power generation from PV unit, (c) Reactive
power consumption of the house, (d) Reactive power generation from PV
unit, (e) Reactive power measured by the utility meter.
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Figure 4.3 Magnified view of power waveforms for the arbitrarily selected house: (a) Re-
active power consumption of the house, (b) Reactive power generation from
PV unit, (c) Reactive power measured by the utility meter.
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Figure 4.4 Real power loss metrics for 50% PV penetration in R1-1247-1: (a) Total
loss, (b) Loss in overhead lines, (c) Loss in underground cables, (d) Loss in
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Figure 4.5 Power metrics for 50% PV penetration in R1-1247-1: (a) Apparent power
at the substation, (b) Real power at the substation, (c) Reactive power at
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5. CONCLUSIONS AND FUTURE WORK

5.1 Conclusions

This dissertation has presented the design and implementation of two novel dis-

tributed controllers within rooftop PV inverters. The proposed controllers did not require

communication or cooperation with other PV inverters. In the presented approach, the

reactive power capability of the PV inverters was exploited and the dispatch of their re-

active power was calculated in an autonomous fashion. Through detailed modeling and

time-series analysis, it was shown that implementation of these controllers could have a

significant beneficial impacts upon the efficiency and operation of the power grid.

The most significant contributions and conclusions of this work can be summarized

as follows.

• In Chapter 2, a real representative power distribution feeder model with high fi-

delity (in terms of electrical topology, household loads and smart appliances, and

environmental parameters) was developed. This feeder model was used in perform-

ing detailed analysis of PV generation with the proposed controllers.

• In Chapter 3, we investigated the design and implementation of a voltage control

loop within rooftop PV inverters to offset the voltage rise via absorbing reactive

power. We conducted the analysis with detailed computer simulations of an array

of the developed test feeder and other representative realistic feeders for several

PV penetration levels. In addition to a sunny sky, the effect of cloud transients

on distribution system performance using the proposed distributed Volt/VAr con-
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troller was investigated. In all cases that were analyzed, voltage violations were

completely eliminated. The simulations were run using GridLAB-D. The original

inverter source code of GridLAB-D was modified to represent the proposed con-

trol. Additionally, it was observed that simple digital implementation of the droop

controller leads to an undesirable oscillatory behavior between a large number of

inverters connected to the grid. This phenomenon has not been previously men-

tioned in the PV literature, but it was revealed by our simulations. In order to

mitigate this, a transfer function that helps stabilize the system by eliminating

unwanted oscillatory behavior was introduced in the control path. In conclusion,

this work showed that use of the proposed controller can maintain the distribution

system voltages within acceptable bounds. Therefore, this approach can reduce or

defer the need for new assets or grid reinforcements and will accommodate higher

levels of distributed PV into the distribution system.

• A novel control scheme for PV inverters that permits residential rooftop PV sys-

tems to compensate their local reactive power consumption proposed in Chapter 4.

In order to evaluate the effectiveness of the proposed controller, studies were per-

formed by means of computer simulations of real and realistic distribution feeders

with hundreds of households and their appliances modeled in high detail. Results

showed that the controller is able to substantially reduce real energy losses in the

feeder and reactive energy demand at the substation. Besides, it is obvious that

reducing reactive demand at substation leads to loss reduction of substation trans-

former and transmission network. It can also maximize power transfer capability

in the transmission lines. Therefore, implementing this proposed controller has

significant beneficial impacts upon the efficiency of power system. Furthermore, a

general framework for system stability was established using a novel distribution

system analysis framework. Then it was proved that system-level voltage stabil-

ity is guaranteed by using individually well-tuned controllers, which relieves the
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system stability concerns for this type of controllers.

5.2 Directions of Future Research

This dissertation is not without limitations. For future research, the following direc-

tions are proposed:

• It would be interesting to integrate the aforementioned VAr compensation control

in Chapter 4 with the conservation voltage reduction (CVR)1 for reducing the

induced voltage rise due to local reactive power injection. This approach can be

implemented as an integrated control scheme which will monitor some or all of

real-time voltages of residential loads, transmitted by smart meters via network

communication. The integrated scheme can trigger sets of control commands to

adjust set point and band width of substation load tap changer.

• The PV inverter can be a multi-functional device which has several operational

modes such as voltage regulation and LVArC modes. For example, at normal sys-

tem operation (no local voltage violation), the PV system could work in the LVArC

mode (implemented in Chapter 4) to improve the operation and efficiency of the

system (reducing transmission losses, maximizing power transmission capability

and enhancing stability). When the inverter detects any local voltage violation it

can switch to the voltage regulation mode (implemented in Chapter 3). It would

be interesting to implement and test a multi-functional inverter on realistic distri-

bution feeders for several PV penetration levels.

• The proposed LVArC controller has been claimed to be a good option to reduce

congestion and losses in transmission lines. A comprehensive and accurate trans-

mission energy loss and congestion analysis, taking into account several realistic

1In CVR mode, the distribution system is operated in the lower half of the acceptable voltage range
(i.e., within 114–120 V in the USA), which leads to a reduction of power drawn by voltage dependent
loads and to more energy savings.
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feeders with the proposed controllers connected to a realistic transmission grid, is

a worthwhile topic for further analysis.

• In addition, it is of significance to perform a complete economic comparison among

centralized voltage regulation methods and the distributed Volt/VAr controller

proposed in this work.
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